We give a self-contained and enriched review about topology properties in the rapidly growing field of topological states of matter (TSM). This review is mainly focus on the beautiful interplay of topology mathematics and condensed matter physics that issuing TSM. Fiber bundle theory is a powerful concept to describe the non-trivial topology properties underlying the physical system. So we briefly present some motivation of fiber bundle theory and following that several effective topological methods have been introduced to judge whether a fiber bundle is trivial or not. Next, we give some topological invariants that characterizes the non-trivial TSM in the non-interacting systems in all dimensions, which is called topological band theory. Following that, we review and generalize the topological response using topological field theory called Chern-Simons effective theory. Finally, the classification of free-fermion systems have been studied by loop space and K-theory.
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I. INTRODUCTION
Since the discovery of inter quantum Hall effect (IQHE) by von Kiltzing , el. [1] and the geometry phase in quantum systems by Berry [2] during 1980s, the mathematic of differential geometry and topology was introduced to condensed matter physics. Later, Thouless, el [3] found that the topological invariant (TKNN number) which characteristic the valance band bundle over the magnetic Brillouin zone (BZ) contribute to the robust quantization Hall conductance in IQHE. In this paper, we want to address the issue why and how physicists apply topology to study condensed matter physics.
The first motivation may be that physicists want to generalize 2d IQHE and try to find more non-trivial states from a viewpoint of topology. Among the process of exploration, Zhang and Hu [4] successfully establish a 4d version quantum Hall effect in 2001, not like 2d IQHE , the base manifold is 4d sphere and replace the U(1) fiber with SU(2) fiber. Based on this model, Marakami,el [5] predict dissipationless quantum spin current in holedoped semiconductors, which eventually leads to the find of spin Hall effect [6] . From that, physicists began to attention spin-orbit coupling system and developed the topological band theory to study the topological property of energy band over the entire Brillouin zone (BZ). For example, physicists build some subtle and practical models with non-trivial topology property in timereversal invariant system, such as quantum spin Hall (QSH) state [7, 8] , 3d topological insulators [9, 10] . Fortunately, the helical edge states of QSH are observed in 2d HgTe quantum well experimentally in 2007 [11] . Soon after that, the non-trivial Dirac fermion surface states of 3d topological insulator such as Bi x Sb 1−x alloy [12] and Bi 2 Se 3 class materials [13] are also been observed from experiments. Tremendous interests have been recently attracted by the study of topological state of matter (TSM), readers can reference the reviews [14, 15] . Here I want to emphasize that these experiments discoveries purely from the topological property of free fermions Hamiltonian. And it's the quest for beauty of topology in physics that leads to the discoveries of these novel states.
However, real physical systems are actually interacting. Then, how to interpret the robust quantization Hall conductance such as in IQHE if it's interacting? Actually, Niu, el [16] solved this problem by proposing a topological invariant via Green function with twisted boundary. For interacting topological insulators in 3d and QSHE in 2d, Wang, el [17] propose the general topological order parameters expressed with Green function. The topological property extracted from Green function also are used by Vovlovik [18] in Helium liquid to describe the non-trivial topology property in momentum space. Using Green function, Gurarie, el [19] propose a general bulk-boundary correspondence which related the topological invariants in the bulk and the one its boundary in all space-time dimensions. However, these Green function description is very difficult for practice application. Recently, Wang propose a simplified topological invariant only from the zero-frequency Green function [20, 21] . Wang's approach to this problem can greatly help the search for realistic materials . In addition, these simplified topological invariants may be served as the topological order parameters for interacting TSM including recent proposed topological anderson insulators [22] and topological mott insulators [23] .
Another reason for application of topology concept in condensed matter physics is the topological field theory (TFT) [24, 25] description of physical responses of these non-trivial systems. TFT is powerful due to the physical responses such as electromagnetic and gravitational responses [26] can be read out directly from the effective theory with the coefficients expressed using topological invariants. The axion topological field theory predicts the non-trivial topological magnetoelectric effect [24] in topological insulators and the presence of magnetic monopole [27] . This field theory recently has been successfully used to describe time-reversal invariant topological superconductors [28] , and some novel observable effects have been predicted. In physics, these nontrivial TFTs are stem from the anomalies in quantum field theory [26, 29] . The bulk-boundary correspondence in TSM can be easily understood through the anomalies polynomial and descent realtion [29] , which is related to a deep mathematic fact called Atiyah-Singer index theorem [30] .
The last motivation of using topology in condensed matter physics is the classification of states of matter beyond the symmetry breaking principle. How many TSM can exist in nature? This problem has been solved partly by Schnyder, el [31] in three spatial dimensions for freefermion systems. Qi, el [24] proposed the classification for interacting systems can be classified using Chern-Simons field theory by imposing on the discrete symmetry. And later, Kitaev [32] gives a complete classification periodic table or classification using K theory for free-fermion systems. This beautiful periodic table is an interesting mathematic result called Bott periodicity and there are only ten symmetric space that discovered byÉlie. Cartan in 1926. It tells us that there are five distinct classes of TSM in every spatial dimension and only ten symmetry classes. With this periodic table, physicists can search more non-trivial TSM purposefully. For interacting boson and fermion systems, Wen, el [33, 34] propose a general framework to classify the symmetry protected topological states using group-cohomoloy or supercohomology. Wen's approach is powerful because it describes a large class of new topological states in general dimensions.
This paper is mainly focus on the interplay of topology and condensed matter physics, it can be used as a selfcontained introduction of topology and their application in condensed matter physics. The rest parts of the paper are organized as follows. First, we want to give an intuitive introduction of topology mathematics as possible as we can, readers who are familiar this knowledge can skip this subsection. In the second part, we show how to apply the mathematic tool to investigate the nontrivial topology property in solid state band theory and how getting the topological observable effect from TFT. During this process, we present the topological invariants expressed with Berry phase connection or curvature for non-interacting systems and corresponding topological order parameter for interacting systems expressed using Green functions. Finally, we review the tenfold way and dimensional hierarchy of topological states of matter using fiber bundle and K theory. This paper is mainly for readers who are interested in the topology application in condensed matter physics or who like to apply topological tool to investigate the physic systems.
II. TOPOLOGY FOR PHYSICS
In this section, we briefly review some important mathematic tools in this field. Readers who pay close attention to the mathematics details can consult this subsection.
A. Fiber Bundles
Before introducing the abstract definition of fiber bundle, we show the appearance of it is very natural and justifiability. As we all know, the famous Bloch theorem tells us the wave function in condensed matter is nothing but the irreducible representation of translation invariant of reciprocal lattice k. Hence, corresponding Hamiltonian can be interpreted as a map from the first Brillouin zone (which is equivalent to a torus T 2 in two dimension) to the group of Hamiltonian. It means, for a fixed point k in Brillouin zone, there are Hamiltonians belonging to the symmetry group required in physics. This object is called fibre bundles in mathematics.
A fiber bundle consists of the following: There are a manifold F k (called the fiber), a manifold E (the bundle space) and a manifold M n (the base space) together with a map π : E → M n E onto M , where k and n are the dimension of fiber and base space, respectively. We demand that E is locally a product space in the following sense: There is a covering of M n by open sets, U, V, . . . , such that π −1 (U ) is diffeomorphic to U × F ; there is a diffeomorphism
. In an overlap U ∩ V a point e ∈ π −1 (U ∩ V ) will have two representations e = π U (p, y U ) = π V (p, y V ) and we demand that
where c V U : F → F is a diffeomorphism of the fiber, while p is a point of base space. In the case of vector bundle, F = C K , R K , each c V U (p) : R K → R K was a linear transformation called transition function is a subgroup of the structural group G of the fibre bundle. So we still demand that where I is identity. In summary, a fiber bundle E = {E, M, π, G, F, φ} consists total space E, base space M , typical fiber F , projection π, structural group G and local trivialization φ. In special case, if the fiber F is the same as the group G, and if the transition functions c UV (x) act on F = G by left translations as g U (p) = c UV (p)g V (p), the fiber bundle is called principle fiber bundle. In addition, if the total space E globally equate M × F , the corresponding fiber is trivial fibre bundle. Finally, a local section is again a map s : U → E such that π•s= identity. A section s is simply a collection of maps {s U : U → F } such that in U ∩ V we have s U (p) = c UV (p)s V (p). Now it's time to describe the classification question in a mathematical way. The mathematical structural of a non-interacting insulator of spatial dimension d is that of a vector bundle or principle fiber bundle E π − → M . The base manifold M of E is the d dimensional k-space of the system T d , and the fiber over a point k given by the space of occupied states P (k) (also called valence band). If no further symmetry conditions are imposed (like IQHE in class A), the structural group of the bundle is U (n), where n is the dimension of P . Hence, the fiber bundle of class A is {E, T d (k), π, U (n), P (k)}, and the question of a insulator is a topological non-trivial or not is tantamount to asking the total space of fiber bundle is non-trivial or not. In other words, we should investigate the difference between the total space E and multiple space T d (k) × P (k). For the local trivialization property of fiber bundle, we know that if a base manifold can be covered with one open set, the fiber will be trivial. However, when the base space is a torus or sphere that cannot be covered by one open set, the total space cannot be constructed in a multiplied way. So we obtained that the obstruction to defined a global multiplied space is the transition function in the overlap region is not identity.
B. Chern Character
Characteristic classes are subsets of cohomology of classes of the base space and measure the non-triviality or twisting of a bundle. In this sense, they are obstructions which prevent a bundle from a trivial bundle. Chern character is one of significant characteristic classes given by de Rahm cohomology classes. It is used extensively in physics and mathematics.
We give here a brief introduction of the de Rahm cohomology group. Let M be an m-dimensional manifold. An r-form ω ∈ Ω r (M ) is closed if dω=0 and exact if ω=dη for some η ∈ Ω r−1 (M ). The set of closed r-forms is denoted by Z r (M ) and the set of exact r-forms by B r (M ). Since d 2 =0, it follows that Z r (M ) ⊃ B r (M ). We define the r-th de Rahm cohomology group H r (M ) by
Actually, H r (M ) is a dual space of the homology group H r (M ). The duality is provided by Stokes' theorem, it can take a compact form: (c, dω) = (∂c, ω)
where c is the chain group in homology and ∂ is the boundary operator. In this sense, the exterior derivative d is the adjoint of the boundary operator ∂ and vice versa. Let P (M, G) be a principle bundle. A connection on P is a unique separation of the tangent space T u P into the vertical subspace V u P and the horizontal subspace H u P such that (i) T u P = H u P V u P. (ii) A smooth vector field X on P is separated into smooth vector fields X H ∈ H u P and X V ∈ V u P as X = X H + X V . (iii)H ug P = R g * H u P for arbitrary u ∈ P and g ∈ G.
The condition (iii) states the horizontal subspaces H u P and H ug P on the same fiber are related by a linear map R g * induced by the right action. In practical computations, we need separate T u P into V u P and H u P in a systematic way. This can be achieved by introducing a Lie-algebra-valued one-form ω ∈ g Ω 1 (P ) called the connection one-form, where g denotes the Lie algebra of group G and Ω 1 (P ) is the one-form of fibre bundle. It is a projection of T u P onto the vertical component V u P ≃ g. Another important concept is curvature twoform Ω which is defined by the covariant exterior derivative of the one-form ω, Ω ≡ Dω ∈ Ω 2 (P ) g. Based on the above definitions, an important property about curvature two-form called Bianchi identity can be given as DΩ = 0.
Until now, the Berry phase gauge connection and Berry phase field strength in CMP have not expressed with a mathematic way. The relationship will be clear after introducing the local connection and local curvature. Let {U i } be an open covering of M and let σ i be a local section defined on each U i . It's convenient to introduce a Lie-algebra-valued 1-form A i on U i via the pullback map of σ i such that
where
The local form F i of curvature Ω is defined by
In physics, A i is identified with Berry phase gauge potential, F i is corresponding to the Berry field strength. Take local sections σ i and σ j over U ∩ V , such that
. Then the corresponding local form A i and A j are related by the compatibility condition as
It's nothing but the gauge transformation in Berry gauge theory. F can be expressed in terms of gauge potential A as
where d is exterior derivative on M and ∧ is wedge product. The most important property of F is the following covariability
it's also called the compatibility condition for local form F . Similarly, the Bianchi identity of local form F is following:
Can we get the topology information of fibre bundle from these local geometrical quantities such as F and A? The answer is yes, due to the famous work by S. S. Chern and Weil, one can obtain de Rahm cohomology group by the properties 3 and 4 via the invariant polynomial of F . An invariant polynomial is defined as
Chern and Weil found that if the Lie algebra A in invariant polynomial P is replaced by curvature F , the P (F ) is characteristic classes called Chern classes. The ChernWeil theorem is following:
is exact, where F and F ′ are curvature two forms corresponding to different connections A and A ′ . Now, it's easy to write Chern classes and Chern character according to the Chern-Weil theorem. For example, let E π − → M be a class A topological insulator, whose fiber is complex vector bundle C k , and the structure group is U(n). From the invariant polynomial such as determinant and trace, one can get Chern classes and Chern character with Berry curvature F , respectively. Explicitly, the total Chern class c can be expressed as
Since Berry curvature F is a two-form, c(F ) is a direct sum of forms of degree of even
is called jth Chern class. Obviously, c j can only be non-vanishing for 2j ≤ d, where d is the dimension of the base manifold M , i.e., the physical system of IQHE d equal to 2. The Chern character can be written as
The jth Chern character ch j (F ) defined as
The integral of the Chern character in d = 2n dimensions is an integer, the n-th Chern number,
Here, BZ d denotes the integration over d-dimensional kspace. For lattice models, it can be taken as a WignerSeitz cell in the reciprocal lattice space. On the other hand, for continuum models, it can be taken as R d . Assuming that the asymptotic behavior of the Bloch wavefunctions approaches a k-independent value as |k| → ∞, the domain of the integration can be regarded as
which is nothing but the quantized Hall conductance σ xy in units of (e 2 /h).
Unfortunately, the Chern character is only suitable for use in even-dimensional manifold. Deriving from the Chern form, one can obtain a characteristic class called Chern-Simons forms for odd-dimensional manifold. Since ch n (F ) is closed, it can be written locally as an exact form like following,
, M is the base manifold. Here, the Chern-Simons form is defined as
Similarly, integrating the Chern-Simons form over BZ, we can obtain a number called Chern-Simons invariant
For U(1) Abelian group, due to f t = tda (f is the curvature form and a is connection form of U(1) group), the Chern-Simons can be simply written as:
The topology field theory for the linear responses of a topology insulator in symmetry class A or AII and in d spatial dimensions is then given by the Chern-Simons action in D = d + 1 spacetime dimensions,
Here, the physical response of the topological insulator in even-dimensional spatial space d can be obtained by coupling an external space-time dependent U(1) Abelian gauge group. While the Chern-Character number Ch n computed from the the Berry curvature form in d = 2n space dimensions. For the gauge transformation (2) of A is not covariant, the Chern-Simons character not unique defined. For two different choices of gauge A and A ′ , which are connected by a gauge transformation like equation (2) and (3), we have
where α 2n is some 2n form [29, 35] . Implementing exterior d to the equation (13) two sides and in the light of the relation with Chern characteristic (7), one can prove the equation (13) is correct (Note that
The first term of right hand side of (13) is a very important invariant called winding number density, it's explicit formula can be obtained according to (8) 
where B(n, n) is Beta function. The integral of ω 2n−1 [g] is winding number
it's a integer, which counts the nontrivial winding of the map g(k) : BZ 2n−1 → U(N). Since it's very important for use in physics, we outline a prove for base manifold S 2n . Consider a principle fibre bundle (P, S 2n , π, G) with the connection one-form ω on P . Since the base manifold S 2n is non-trivial, it is not possible to define gauge potential globally. We thus need to split the S 2n into two parts to cover . We define the gauge potential A ± = σ * ± ω where σ ± are sections associated with the trivialization (H ± , φ ± ) over the slightly enlarged hemispheres of S 2n as the local coverings, and with the overlap region S 2n−1 ⊂ H + ∩ H − . Define a local curvature two-form F ± = dA ± + A ± ∧ A ± . The transformation function is g ∈ G. Then, we have a 2n − 1-form on the overlap region H + ∩ H − ⊃ S 2n−1 according to equation (13) :
Based on Stokes' theorem (1) then we have
where we have used the (S 2n−1 , dα) = (∂S 2n−1 , α) = 0 due to the boundless of sphere.
The Chern-Simons effective action of topology field theroy with interacting can be written in terms of the imagine-time single particle Green function G ≡ G(k, ω) [15] ,(k is the reciprocal vector, ω is frequency), the prefactor of this form in 2n + 1 D can be expressed as [17, 18] 
it is an integer, where G is the imagine-time Green function. Therefore, N 2n+1 [G] is a inter valued topological invariant. Finally, the interacting Chern-Simons effective action can be written in a more compact way,
this beautiful mathematical structure of topology field theory is amazing, from which one can obtain various of physical quantities, such as quantization of hall conductance, topological magnetoelectrical effect, and so on [24] . We will give a systematic discussion in later of our paper. In summary, Chern character is an very important characteristic classes denoting the non-triviality of complex principle fiber bundles. It sets up the relationship between differential geometry and topology, one can find the beautiful mathematical topology structure in CMP through the Berry phase gauge potential. Another important mathematical tool in CMP to study topological phenomenons is homotopy theory, which investigating the map from S n to the manifold being studied. This will be discussed in the following subsection.
C. Homotopy theory
Ever since 1970s [36] , the language of homotopy group has been used to classify defects in ordered media in CMP [18] . For example, the point defects in 3D space are determined by classes of mapping S 2 → R of a closed surface S 2 embracing the defect point into the vacuum manifold. These topological classes form the second homotopy group π 2 (R). Another example is the winding number defined in the last subsection, it actually indicates different mapping from S 2n−1 → G(C) see the equation of (16) and (18) . In homotopy theory, it's written as π 2n−1 (G(C)). It indicates whether the manifold of G(C) has the 2n dimensional "hole" or not. So we can also get fire bundle topology properties by investigating how many different mapping from base manifold to structure group that can't continue deformation into each other. In fact, the homotopy theory tells us that π 2n−1 (G(C)) = , and π 2n (G(C))= 0 for large enough rank matrix. Hence, it's a rough classification principle, but one can immediately know whether the fiber bundle is non-trivial or not although don't know the specific value of Z.
In homotopy theory, we are interested in continuous deformation of maps of one to another. Let X and Y be topological spaces and let F be the set of continuous maps, from X to Y. We introduce an equivalence relation, called 'homotopic to', in F by which two maps f, g ∈ F are identified if the image f (X) is continuously deformed to g(X) in Y.
Let X, Y are two m dimensional manifolds. f, g : X → Y are continuous maps, if there is a map
such that F (x, 0) = f (x), F (x, 1) = g(x), x ∈ X, then the map F is called a homotopy between f and g, denoting as
Homotopy is an equivalence relation, the topology property of X and Y can be compared according to the equivalence class. For example, if the manifold of X is the Hamiltonian, then one can classify them by homotopy discussion as Qi [24] for non-chiral topological insulator and Ryu [35] for chiral topological insulator.
The most important thing of this article is to classify fibre bundles. How many different principle bundle P (M, G) can be constructed for a given base manifold M and structural group G with homotopy language? For the n-sphere base manifold S n , it can be covered with two open sets because the non-triviality of sphere. The principle fibre bundle P can be written as a trivial direct product restricted in every open set,
However, we need a gauge transformation to connect in the overlap region of coverings (homotopically to S n−1 ), it's a map from overlap region to Lie group G,
It is homotopically to the map form S n−1 to G. Consequently, the classification of P (S n , G) is tantamount to calculating π n−1 (G).
For the classification of a general fiber bundle P (M, G), we need classification theorem of G-bundle in mathematic [29] . That's to say for one principle fiber bundle there is a corresponding universal bundle is defined as
with the property
One can classify the fiber bundles homotopically because the universal bundles has the following properties: If there is a continuous map from manifold M to B G
and the associated bundle map f *
we will get that the given principle bundle is isomorphism to the pull back of the universal bundle
The base manifold of universal bundle is called classifying space. That is to say there is a one to one corresponding between the equivalence of principle fiber bundle P (M, G) and the set of continuous mapping homotopy class [M, B G ]. The key point is now that homotopically different bundles are distinguished by homotopically distinct maps. Because of the following long fiber bundle exact sequence [37] , (24) , which agrees well with the results discussed above.
For example, for unitary fibre bundles, the classifying space is Grassmanian
which is known for some rather simple base manifolds.
In particular for spheres S d (which can be demonstrated the continuum model of class A topological matter ), the different state can be expressed as
so the classifying space for class A is BU , which is denoted as [32] . One more thing we need to introduced is Bott periodicity, it's an very important theorem both in homotopy and topology K theory (will be discussed later). It's firstly proved by Bott using Morse theory, one can reference the book of Milnor [38] .
Next, we introduce the 2-periodicity theorem for large rank unitary group. Firstly, we show that the homotopy group will be stable with the rank increasing. Geometrically, the unitary matrices satisfying U † U = I are just unit vector in C N , the shape is tantamount to sphere S 2N −1 . The action of U (N ) is transitive and the stable group of x ∈ S 2N −1 is U (N − 1), so sphere can be seen as quotient group like S 2N −1 ≃ U (N )/U (N − 1). For the quotient group structure of sphere, there will be a short exact sequence
where i and π are inclusion map and projection map, respectively. Since the simplicity of low rank homotopy group of simply-connected sphere, one can get the long exact sequence
where ∂ is the boundary map, i * and π * are the push forward map of i and π. Applying the long exact sequence above (31) and the well know triviality of low rank homotopy group of sphere, we get the high rank of unitary group is stable as following
The homotopy group of U (N ) will be stable with enough big rank N , now one may ask the question: How does the homotopy group for stable range U (N ) varies with the k increasing? In order to answer this question, a few definitions should be introduced. For a given connected manifold M , a map γ(t) (0 ≤ t ≤ 1) denotes a path from point p = γ(0) to point q = γ(1) on M , the space of all of paths is called path space, denoting as Ω(M, p, q). In the special case, p = q, the space is called loop space of manifold, denoting as Ω(M, p) = Ω(M ). One can get the beautiful formula from the long exact sequence of fiber bundle
Combining above formula and equation (29) we obtain
that is to say, U is the loop space of BU . Now we can describe the Bott periodicity theorem for unitary group with Morse theory [37] [38] [39] . We approximation the loop space of U (2N ) by minimal geodesics from I to −I :
where A is a Hermitian matrix satisfying A 2 = 1 so that d(0) = I and d(π) = −I (one can prove this is a minimal geodesic). Any such matrix A divides C 2N into +1 and -1 eigenspaces or, in other words, it can be written in the form
where I N is the N ×N matrix. Therefore A can be viewed as the N dimensional plane in and Ω will have the homotopy relationship according to the foundation theorem of Morse,
Due to the equation (33), we have the following
In other hand, Grassmann maifold G N,2N is the classifying space of U (N ) fiber bundle, one can write the fibration sequence like followings
, where V N,2N is the Stiefel manifold, with the property π i (V N,2N ) = 0 for i < 2N . Therefore, we get the relationship following:
Combining the eqution (37) and above we get the famous Bott 2-periodicity theorem for stable range unitary group,
For the stable homotopy group we have
Until now, we can write the classification question in class A TSM in homotopy theory elegant , the distinct states can be denoted with the homotopy group element
, so the classifying space of calss A is just the loop space of the group of fiber bundle, the next element in the Bott clock [40] . For the class AIII, the group is Grassmann, so the classifying space is the loop space of ΩU , denoting as Ω 2 U = U . From the Bott periodicity theorem, we know there are non-trivial TSM in even dimensional space for class A, while TSM can be found in odd space in class AIII chiral symmetry unitary. For example, the QIHE can be found in 2 [1] or 4-dimension [4] space but not 3-dimension space, the reasons are the Bott periodicity theorem (40) .
For systems which obey anti-unitary symmetries such as time reversal symmetry T and charge conjugation C, the structure group will be orthogonal group O(n) at the symmetry invariant points of Brillion zone [41] . The real analogue of Bott periodicity with period 8 have another version of modular of Clifford algebra. Firstly, we show the modular space with 8 period. Assuming n is a multiple of 16, so we consider the action of O(16n) on a vector space V over R of dimension 16n. Let the set {J i : i = 1, · · · , k − 1} be the anti-commuting orthogonal complex structures, which means they obey
Now let Ω k (16n) be the space of complex structure J set that anti-commuting with fixed
. Hence, it is the subspace of Ω k−1 (16n). The sequence of seeking for the homogenous space of Ω i can be viewed as a sequence symmetry breaking process [40] ,
This process can be physically realized in chiral symmetry field theory [42] .
The subgroup of O(16n) that commutes with J 1 is U (8n) and O(16n) action on the space is transitivity. So the space is isomorphism to the homogenous space
In a similar manner, the subgroup of U (8n) that commutes with both J 1 and J 2 is the symplectic group Sp(4n), so the space of Ω 2 (16n) is homogenous space as
After introducing J 3 we consider the operator α = J 1 J 2 J 3 ∈ O(16n), satisfying α 2 = I. Therefore it possesses two eigenspaces V ± , in which it takes the value ±1 respectively. Because of [α, J 1 ] = 0 and [α, J 2 ] = 0, V ± doesn't change under the action of J 1 or J 2 . The subgroup of Sp(4n) commuting with J 1 , J 2 , J 3 , and preserving this structure is Sp(2n) × Sp(2n). Finally, the homogenous space is the quaternionic Grassmann manifold
Next introduce J 4 and let β = J 3 J 4 . We have [β, J 1 ] = [β, J 2 ] = 0, αβ + βα = 0 and β 2 = −I. β therefore preserves the quaternionic structure and is a quanternionic isometry from V + to V − . It is an element of Sp(2n). So the group preserving this structure is the diagonal subgroup of Sp(2n) × Sp(2n). Finally, the space of Ω 4 (16n) is the homogenous space as following
Let introduce J 5 and construct γ = J 1 J 4 J 5 which has γ 2 = I and commutes with α and J 1 but anticommutes with J 2 . So γ therefore acts within the V + (V − ) eigenspace of α and divides it into two mutually orthogonal eigenspaces W ± with W − = J 2 W + . Conversely such a decomposition uniquely determines J 5 . γ is transitivity on the action of Sp(2n), and U (2n) is preserving W complex structure J 1 . So the space of Ω 5 is
Next introduce J 6 and set δ = J 2 J 4 J 6 which commutes with α and γ but anti-commutes with J 1 . Therefore, it will splits again in the W ± , denoting the mutually orthogonal eigenspaces X ± . The eigenspaces satisfies X − = J 1 X + . Since J 1 is the complex structure, U (2n) is transitivity , the subgroup preserving this structure is O(2n). So the range of choices for J 6 is the homogenous space
Now introduce J 7 and set η = J 1 J 6 J 7 which commutes with α, γ, δ and splits X ± into ±1 subspaces Y ± . The group preserving this decomposition is therefore O(n) × O(n). So it's easy written the space of Ω 7 (16n), just the orthogonal Grassmann manifold like following
Finally, we introduce J 8 . Now the orthogonal transformation ǫ = J 7 J 8 commutes with α, γ, δ but anticommutes with η. It is therefore an isometry mapping Y + to Y − . So the group preserving this structure is the diagonal group of O(n) × O(n). The space of Ω 8 (16n) is following
From above tedious enumeration, we obtain the modular space of Clifford algebra has the period 8. This process closely follow [38] and [37] , readers who are interesting in the details may reference the books. Morse theory have established the relationship between the loop space Ω(O(16n)) and the minimal geodesic space of Ω d (O(16n) ). In addition, for the homogenous space like above Ω i (16n), one can prove the space of minimal geodesic set from J i to −J i is homeomorphism to Ω i+1 (16n). In summary, the link can be set up using minimal geodesic space as following
Combing this relationship and equation (33) we obtain
where n is big enough. With the n limit to infinity, we have the following homotopy equivalence
Orthogonal group will be in the stable range as the unitary group with the enough big rank, we can write the explicit relationship as following (n is large enough)
It is straightforward to calculate the zero rank homotopy group of these homogenous space
Combining (52) and (53), we can compute any of the stable homotopy groups.
Until now, we have introduced the well known significant Bott periodicity theorem of unitary group and orthogonal group in the stable limit range. We can study the fiber bundle topology through the homotopy classification G-bundle theorem. For the structure group like homogenous space Ω i , one can easily know the corresponding classifying space is just the loop space of it as Ω(Ω i ) = Ω i+1 . Consequently, we can homotopically classify all structural group like Ω i principle fiber bundles. Actually, the eight real classes and two complex classes homogenous spaces are all symmetry spaces in mathematics, called Carten ten symmetry spaces.
In physics, the complex structure space Ω i (O) is the same of imposition a symmetry such as time reversal to a system classified by the space of Ω i−1 (O). So when applying a symmetry on the homogenous spaces of a physical system, the resulting space is tantamount the loop space of before.
The homotopy theory is a roughly classification principle compared with the homology characteristic classes, but it is very convenient to classify the non-trivial TSM quickly. For example, the time-reversal invariant topological insulators in class AII, the group of fiber bundles can be identified with U (8n)/Sp(4n), the classifying space will be its loop space Ω 3 . From homotopy theory discussed in this subsection, we know in 4 dimension space (because time reversal change k tok, so we should compute -4 rank homotopy group [32] ) π −4 (Ω 3 ) = π 4 (Ω 3 ) = π 0 (Ω 7 ) = Z, this indicates there are non-trivial TSM, which is the 4D quantum Hall effect. As the same reason, in 3 dimension and 2 dimension space, we can obtain π −3 (Ω 3 ) = π 0 (Ω 8 ) = Z 2 and π −2 (Ω 3 ) = π 0 (Ω 1 ) = Z 2 , respectively. These topological insulators correspond to quantum spin Hall effect and 3 dimension strong topological insulator, respectively.
In addition, we can classify all non-trivial TSMs in the special dimension d = 0 until now, because in this case, we don't need to think about the problem of involution of reciprocal k space [32, 39, 43] . Following the convention of Ref. [32] , we rename the classify spaces by R q , q = 0, 1, · · · , 7. for real case and C q , q = 0, 1 for complex case, respectively. We obtain five non-trivial TSMs in 0-dimensional space, which is denoted in the table I.
Bott periodicity predict the pattern of topology state of matter have 8-period for real case and 2-period for complex case in the space dimension. In fact, the homogenous space Ω i O is called symmetry class in mathematic,Élie Cartan observed that there are precisely ten families of compact symmetric spaces in the 1920s, it contains two complex and eight real symmetric spaces, respectively. In physics, Altland-Zirnbauer [44] (AZ) have found the one to one correspondence between singleparticle Hamiltonians and the set of symmetric spaces. 
Classifying Space
Cartan label π0
In this subsection we briefly introduce some differential topology contents. In order to investigate the topology of manifold, we can study the Characteristic class or homotopy group like above subsections. Another tool to obtain the topology properties is more subtle. We mainly list the important Brouwer degree [45] , which is used to prove the equivalence of topological invariants discrete formula used by Kane [46] and integration formula used by Qi [24] . A reference book [47] of Milnor is recommend to read, which is a very classic and many important theorems are contained.
Firstly, we introduce some definitions used in differential topology. Let f : M 1 → M 2 be a smooth map, denoting m 1 , m 2 as the dimension of corresponding manifold. If (rankf ) p < m 2 , p ∈ M 1 , then the point of p is called a critical point of f , the image f (x) is called a critical value. While for (rankf ) p = m 2 , p ∈ M 1 , it's named a regular point of f and the image f (x) is called a regular value, where (rankf ) p is the usual Jacobin determinant at point p. According to the famous theorem of MorseSard [47] , we know the measure of the set of critical value is zero, so nearly all points in M 2 are in regular value set. Secondly, a manifold is called orientable, if the sign of Jacobian determinant is preserved during the overlap of any open coverings. Now we can introduce the degree of map called Brouwer degree. Let M 1 , M 2 are m dimension orientable manifolds, f : M 1 → M 2 is a smooth map, p ∈ M 1 is the regular point of f , q = f (p). Now we can consider the differential isomorphism associated the smooth map
is called the Brouwer degree of f about regular value q, where p ∈ f −1 (q) are the regular points of f . It's evidence Brouwer degree is an integer. The geometrical meaning of Brouwer degree is very easy. Because of the inverse function theorem, there is a neighborhood open V ⊂ M 2 set of q and every point p ∈ f −1 (q) has an open neighborhood set U (p) ⊂ M 1 , such that f : U (p) → V is a diffemorphism, it will preserve or reversal orientation according to the type of p. Hence, deg(f, q) is the algebra sum of covering V under the map of f . This is the discret formula in differential topology.
Another formula is an integrate form. Generally, for a map f : M 1 → M 2 , where the two manifold have the same dimension and both are orientable. We can define the degree of f as
where ω is the volume form on M 2 satisfying M1 ω = 1, and f * (ω) is the pullback of ω on M 1 under f . One can prove the two formula is identity.
In order to prove this, assuming every U (p) is a open set of f −1 (q). Let volume form ω on M 2 is M2 ω = 0 and supp(ω) ⊂ V , then supp(f * ω) ⊂ ∪U (p) (suup stands for suuport set, it means the volume on suuport set is not zero, otherwise it is zero),
where we have used the volume form transformation formula, it is just the Jacobian determination, and the normalization condition of the volume form on M 2 . In physics, Wang [45] have proved the equivalent topological invariants between FKM descret [48] formula and QHZ [24] integrate formula with the Brouwer degree. He investigate the manifold T 3 and SU (2), which are all 3-dimension, so we can study the map degree. Duan's [49] tensor current theory is a beautiful topology tool using the δ function and Brouwer degree, he established some beautiful relationship between the zeros of a vector field and the topology property, giving an inner structure of the Gauss-Binet-Chern theorem [50] . The readers who are interested can reference his articles [51, 52] .
E. Topology K-theory
Topology K theory firstly was constructed by Grothendieck, then was developed primarily by Atiyah and Hizebruch in the early 1960s, and for a general reference, the reader is referred to Atiyah's classic text [53] . The topology K theory mainly intent to construct a Abelian group for vector bundles. As we all know, the direct sum of two vector bundles E F is the direct sum of their fibers over each point. But this addition has only a semi-group structure, since E G = F G E ≃ F . From the minimal counterexample we can get some clues, given a vector bundles of sphere by E = T S 2 , F = S 2 ×R 2 , F is clearly trivial, whereas E, the tangent bundle of S 2 is well known to be non-trivial (π 1 (SO(2)) = π 1 (U (1)) = Z). However, adding N S 2 , the bundle of normal vectors to S 2 , to both bundles E, F we obtain the same trivial bundle S 2 × R 3 . This motivates the concept of stable equivalence,
C is the trivial bundle over the fixed base manifold M , which plays the role of an additive zero as far as stable equivalence is concerned. Let Vec K (M ) be the isomorphism classes of K−vector bundles over M . Note that stably equivalent bundles can have different fiber dimension, as m = n in general in equation (57) . Because of a theorem called triviality of vector bundles in mathematics, for any compact base manifold, every bundle can be augmented to a trivial bundle, i.e.,
this theorem has a deep connection with Whitney embedding theorem. Combing (57) and (58), we can loose the stable equivalence condition, such that,
Now let us construct the K group about M by virtue of the Grothendieck construction: Consider the pairs
We define K(M ) to be all pairs formal difference E − F of vector bundles, modulo the equivalence relation
The resulting set K(M ) is then an Abelian group with negatives given by −(E − F ) = (F − E).
Given a smooth map f : M → N and a vector bundle F over N , we can construct the induced bundle f * F over M satisfying (f * F ) x = F f (x) for all x ∈ M . In particular, if the map i : pt → M is the inclusion of a point in M , then we obtain a map i
A vector bundle over a point is a vector space, which is given up to ismorphism by its dimension. Defining the reduced K-group byK(M ) = Keri * , we obtain the split-
modulo the trivial bundles,K(M ) then consists of classes of stable vector bundles.
The key idea in K-theory is that of stable equivalence, which is also our main physical motivation to study it. Augmenting them by some bundles doesn't affect our physical classification, because we can adding an extra flat band on an insulator. The final twist is that K-theory deals with differences between objects rather than objects themselves. The stable equivalence meansK(M ) have a homotopy demonstration. Actually, K group of a base manifold is identity to the class of homotopy equivalence from base manifold to classifying space discussed in the last subsection [54] ,
The isomorphism between [M, BG] andK(M ) can be proved explicitly by the homotopically classification principle-G bundles theorem talked in subsection homotopy. Let ξ(G) is the universal fiber bundle, f 1 ≃ f 2 and g 1 ≃ g 2 are the maps from base manifold M to classifying space BG. Define f * 1,2 ξ(G) and g * 1,2 ξ(G) are the pull back fire bundles on the base manifold M . We can construct the following isomorphism map according to the maps of homotopically equivalence have the isomorphism pull back bundles, (62) where [ ] stands for equivalence fire bundles, and the equation is correct because of (f *
Hence, the zero element inK(M ) just the pull back bundles with the homotopically equivalence maps. Consequently, we have the equation (61) . As discussed in the homotopy subsection, we know the 2-period and 8-period for complex and real stable equivalence bundles. This immediately implies in the language of K-theory for the base manifold of sphere
where we have calledKU for complex K-theory andKO for real K-theory, with 2-period and 8-period, respectively. We define
where S is the reduced suspension [54] which for a sphere S k indeed satisfies SS k = S k+1 . The stronger version of the Bott periodicity in K-theory now reads [53, 54] 
which only for M = S d trivially follows from equation (63) and (64) . Using this periodicity, the definition of
From the loop space definition discussed in the subsection homotopy, we easily know the loop operator is the adjoint topological operator with suspension,
which is the natural identification [55] between basepointpreserving maps from the reduced suspension of X to Y and from X to the space of based loops in Y . From this we can get the following relationship
. (69) Hence, one can get all topology information about the stable equivalence bundles for arbitrary base manifold M by K-theory. The classification of all TSMs is more subtle because of the interdependence of the two wave vectors k and −k as the time reversal symmetry in physics. Which makes the real Bott clock tick counter clockwise. This requires a more abstract K-theory, called KR theory [56] . It's a real vector bundles structure over a space (R d , τ ), where the involution τ is given by k → −k. On one point compactification, this real space becomes a spherē 
he have proved the (1,1) periodicity theorem like
Combing equation (70) and (71) we obtain
where r = p − q (mod 8). Now we can compute all KR p,q for continuum topology model, the base manifold is identify sphere S d in d space dimension. Now we can use equation (72) and (64) to compute the symmetry class R q as
from the table I we can obtain all symmetry class nontrivial TSMs in arbitrary space dimension for sphere model denoting as table 4, which is consistent with ref [32] . From the equation of (73), we know there are both 8-period in space dimensions and symmetry classes. However, the Bott clock is clockwise with the symmetry classes increasing, while it will reversal the direction as counterclockwise with the space dimension increasing. Through discussion above, we can classify all TSMs in all symmetry classes defined in the homotopy subsection by compute the KO and KU. For the classification of the one point compactificaion continuum model with base manifoldS d , the problem can be solved by zero homotopy group of the classifying spaces due to the Bott periodicity. The most interesting problem in CMP is the classification of fiber bundles with base manifoldT d = (T d , τ ), this is a more complicated mathematical problem. Here we only review the general result calculated in ref( [32] ) (74) where C s d is the binomial factor. Such a result can be interpreted by stacking the lower dimensional topological phases to obtain a higher dimensional ones [43] . For 3-dimension time-reversal symmetry topological insulator, i.e., d = 3, q = 4, we get:
(75) The Z is the number of valence bands, whereas 3Z 2 pertains to "weak topological insulator" in physics. For strong topological insulator we can only computer the K group of base manifoldS 3 with (73) like following
The most familiar and famous topological state of QIHE in 2-dimension is describe by the following with equation
where the term Z is just the TKNN number [58] . Topology K-theory is a deep and useful mathematic tool in investigating the topology properties of fire bundles both in physics and mathematics. For the classification of all TSMs which we are interested in physics all can be obtained by the K theory or the simple zero homotopy group of each symmetry classes with the Bott periodicity. This is a very deep and amazing relationship between physics and mathematics.
F. Index Theory
Atiyah-Singer (AS) index theorem [53] is the most deepest mathematic theorems in the last century. It bridges a relationship between analysis, topology and differential geometry in mathematics, which contains a TABLE II. Classification of topological insulators and superconductors as a function of spatial dimension d and symmetry class, indicated by 'Cartan label' (first column) The symmetry classes are grouped into two separate lists, the complex and real cases, depending on whether the Hamiltonian is complex or whether one (or more) reality conditions (arising from time-reversal or charge-conjugation symmetries) are imposed on it. Chiral classes are denoted by bold letters. The symbols Z and Z2 indicate that the topologically distinct phases within a given symmetry class of topological insulators (superconductors) are characterized by an integer invariant (Z) or a (Z2) quantity, respectively.
Cartan\dimension 0 1 2 3 4 5 6 7
Complex case :
series formulas as its special case, such as Gauss-BionetChern theorem. In physics, it is the source of some important quantum anomalies, such as axial anomaly and Abelian gauge anomaly [26, 29, 37] . There is an intuitive phenomenon which can let readers know what this theorem to say. As we all know, the wave fluctuation on the drumheads can be demonstrated with a differential equation in physics, this theorem will tell you can listen out how many "holes" on the drumheads. In other words, one can obtain some robust topology information from analysis. AS theorem tells us that the analytic-index of differential equation like Dirac equation can be derived from some cohomology classes discussed in subsection Chern character. The prove of this theorem is very complicated, Atiyah proved the general formula with K theory in the series texts [53] . Let D : ΓE → ΓF be an elliptic operator like Dirac operator in physics on a compact space X , where ΓE and ΓF are the sections of fiber bundle. Then for each x ∈ X and ξ ∈ T * X x , the symbol σ(x, ξ) [29] of D is a homomorphism E x → F x varying smoothly with x and ξ. It thus defines a homogeneous complex
over the cotangent bundle T * X. Since D is elliptic, we know that σ(x, ξ) is invertible for ξ = 0, and so this complex is exact outside the zero section. So it defines an element of K(T * X), called the symbol of D and denoted by σ(D). The kernel of D is the set of null eigenvectors kerD = {s ∈ ΓE|Ds = 0} Suppose E and F are endowed with fiber metrics, which will be denoted , E and , F , respectively. The adjoint
where s ′ ∈ ΓE and s ∈ ΓF . Now we can define the cokernel of D by coker(D) = ΓF/imD where im is the image set of D. The elliptic operators whose kernel and conkernel are both finite dimensional are called Fredholm operator. The analytic index
It is known from the general theory of operators that elliptic operators on a compact manifold are Fredholm operators. It also can be expressed as
This is the analytic definition of index of elliptic operator, now there is a corresponding topological definition of it using the symbol σ(D) of operator. If X is a compact manifold, choose an embedding i : X → R m for large enough m, and let j : P → R m be the inclusion of the origin. In fact, j! :
, and so we can define the topological index to be the composition t-ind :
Now it is time to introduce the AS theorem. If D is an elliptic operator on a compact manifold then
AS theorem states that the index of elliptic operators can be computed with topological invariants. In other words, the zero-mode solutions of elliptic operators elucidate the topological properties of the manifold which the operators act on.
In the following, we briefly introduce some important theorems required to write the topological index in terms of cohomology, which is very useful for direct computation. Firstly, for cohomology and K-theory, there is a profound and significant theorem called Thom isomorphism theorem, respectively. They establish a relationship between the cohomology group or K-group of base space and fire bundle space, respectively [59] . Suppose that E is an oriented real n-plane bundle over X, there exists a unique generator u ∈ H n (E, E 0 ) = H n c (E), where H * c () is cohomology with compact supports and E 0 is the deleted space obtained by removing the zero section of E, called Thom class of E. Then the following homomorphism
given by ψ : x → π * x ∪ u, where π : E → X is the projection, and ∪ is the cup product in cohomology [54] , is an isomorphism.
In a similar sense, there is a corresponding Thom isomorphism theorem in K-theory. Let E is a complex vector bundle over a compact space X, then the following homomorphism is isomorphism
where ϕ :
is the one point compactification of the total space, and λ E ∈ K(E) is the class of Thom [59] .
Another important principle is the splitting principle. It states that every complex vector bundle E over X, there exists a space F (E) and a map π :
) is injective and π * E splits as the direct sum E = L 1 ⊕ · · · ⊕ L n of complex line bundles, where H * () is the set of cohomology group of X. Based on this principle, one can prove the following identity of Chern character for any complex vector bundles defined in subsection Chern character satisfying,
where ⊕ and ⊗ stand for the direct sum and tensor product operator in vector space. So the Chern character sets up a ring homomorphism between K-group and cohomology group, like following:
Using the Chern character, we can compare the Thom isomorphisms of K-theory and cohomology. Let E be a complex n−plane bundle over a compact space X, we obtain the following diagram:
where the vertical maps are the corresponding Chern characters and the horizontal maps are the Thom isomorphisms ϕ : x → π * x · λ E and ψ : π * x ∪ u. Since this diagram does not commute, it is necessary to introduce a correction factor. Precisely, we set
Letting i : X → E be the zero section, according to the pullback of it, i
, and i * ψ(x) = x∪e for x ∈ H * (X), where ∧ is the wedge product and e is the Euler class [59] . In particular, taking x = µ(E), it follows by the naturality of Chern classes that
Then, invoking the splitting principle, we obtain
To be simply in the formula of index theorem, we defined another class called Todd class [29] for a complex vector bundle E, like following
If we denote byĒ the conjugate bundle of a complex vector bundle E, so we have x i = −x i then the correction factor is given by
The Todd class satisfies td(E ⊕F ) = td(E)·td(F ) for any two vector bundles E and F , and td(n) = 1 for trivial complex n-plane bundle. Now we can reformulate the AS theorem in terms of characteristic classes and cohomology. To write the topological index in terms of cohomology, let X be a compact n-dimensional manifold embedded in R k and consider the following non-commutative diagram [59] :
where ϕ, ψ, ϕ ′ , and ψ ′ are various Thom isomorphisms, h and k are the extension homomorphisms, and vertical map is the Chern character ch, T * X is replaced by T X because they are isomorphism. As discussed above, this diagram does not commute, but they are related by (85) as
In our case, we have td
If we define the index class T(X) = td(T X ⊗ R C) of a manifold X, then td(T N ) −1 = π * T(X) and it's independent of the embedding. We thus have the following
Recalling that t-ind = ϕ
be the fundamental homology class of T R,(pairing with which can be interpreted integrating over the manifold) we have ψ ′ (1)[T R] = 1, and thus we obtain [30, 53] 
So the AS index theorem can be expressed with cohomology characteristics. If D is an elliptic operator on a compact n-dimensional manifold X then
where T(X) = td(T X ⊗ R C)) is the index class of X. If X is a oriented n-dimensional manifold, then we have another familiar formula
where we note that if X is an oriented manifold, then we have
is the Thom isomorphism. The AS theorem will be more computable if we introduce the concept of elliptic complexes. Consider a sequence of Fredholm operators,
where ΓE i is a sequence of vector bundle on a compact base manifold. The sequence (
where e(T X) is the Euler class of X [29] .
In physics, the Dirac Hamiltonian H with chiral symmetry possesses an index, it relates the integral of the anomaly polynomial through the formula
where Ω D (R, F ) is the anomaly polynomial [26] which can be given by
whereÂ(R) is the so-called Dirac genus [29] , and R is the usual Riemann curvature two-forms. The anomaly is an integer is amazing and deep, it reflects the global topological properties of space-time manifold the physic system acts on. If we denote ν + (ν − ) as the number of zero-energy modes of chirality +(−) for Dirac Hamiltonian, the AS theorem also can be expressed
This is a beautiful and profound relation between mathematics and physics, the elliptic operator Dirac Hamiltonian can reflect the topology properties of the fiber bundles that it act on. So some robust quantum anomalies in physics is just the property of the elliptic operator used in physics, such as Dirac operator, Laplace operator and so on.
III. TOPOLOGY IN PHYSICS
In this section, we apply the topological invariants discussed above to study the robust physical phenomenons which protected by topology property of Hamiltonian or field theory. The robust quantization of QIHE, QSHE in 2-dimensional and 3-dimensional topological insulators are extensively studied both in experiments and theory in the last years. During the process of investigate, there are mainly two routes to demonstrate the topology property in theory, they are TBT and TFT. TBT try to study the topology property of Bloch Hamiltons through characteristic class, which mainly involves single-particle noninteracting fermion systems. We give the integral formulas about any topological insulators or superconductors, and we popularize one-new topological invariant called Fu-Kane invariant [60] . Compared with TBT, TFT can solve some interacting systems, can probe the topology response function directly from Chern-Simons effect action by coupling an external field like electromagnetic fields or gravitation field. We give a general relationship between interacting topological invariants which expressed with Green's function and non-interacting ones using Chern-number of valence band, and establish the relationships of various topological invariants extensively used in this field. In addition, we discuss the unified phase-space Chern-Smions theories, and obtain the generating function of all Chern-Simons effective action in any space-time dimensions. Following that, we review the important bulk-boundary correspondence expressing with something like AS index theorem. What's more, we systematically study the 2-complex and 8-real classifying spaces using loop space discussion, and establish the relations of them for complex and real cases, respectively. Finally, we give all gapped free-fermions systems classification in any symmetry classes and for any base manifold, i.e., point space, sphere, and torus base manifold.
A. Topological Band Theory
As discussed in the subsection of fibre bundle, the usual Bloch-Hamiltonian can be seen as the fibre bundles over the base manifold T d for lattice model, where T d is the d-dimensional space torus. It will be replaced by S d ddimensional space spheres for continuum model. If the base manifold replaced by R d , the total space can be described as a total product space R d ×H(k), so it stands for a trivial bundle, there is no chance have a non-trivial TSMs. Now it's time to state the problem of TBT, how to describe the non-trivial topology property for fiber bundles
, G is the structural group of fiber bundles, also called the symmetry group of BlochHamiltonian. In order to apply Chern-characteristic to classify the different fiber bundles, let define the nonAelian Berry connection 1-form for occupied bands like following: 
After introducing explicit definitions, we can apply the topological invariants to investigate topology information that appears in physics, which can be obtained by integrating these local Berry curvature or connection forms over the base manifold.
In the following, we will give and prove all integral topological invariants for any TSMs which can be demonstrated with Bloch equations or BdG ones. And we will give the Z 2 topological invariants homotopiclly discussion using interpolation used by Qi [24] . In addition, we will give this construction a topological interpretation using homotopy theory.
Integral topological invariants for Complex case
For class A topological insulator ( IQHE in 2-dimension), the structure group is U (n) because of no symmetry constraint on the Hamiltonian, we can use Chern number Ch n [F ](equation (5)) to distinguish any two different non-trivial TSMs in even-dimension. In fact, it is just the reflection of π d−1 (U (n)) = Z in homotopy language (40), we know only there are non-trivial fibre bundles in even space dimension for structural group U (n) according to the 2-period Bott theorem for stable range unitary group. The classifying space is C 0 for class A, so the classification of fiber bundle is equivalent to the set of homotopically non-equivalent maps from base
. We rewrite the formula in the following for convenience,
For class AIII in odd dimensions, another topological invariants called winding number W 2n+1 [g] (16) can be used to classify the different topological states. In this class, the Hamiltonian equips with the symmetry called chiral symmetry {H(k), Γ} = 0, Γ 2 = 1, where Γ is a unitary matrix that anti-commutes with the Hamiltonian. In this case, the class AIII Hamiltonians can be brought into block off-diagonal form,
in the basis in which Γ is diagonal. The topological insulators are characterized by the winding number
, where substitute g with q. The explicit formula can be expressed like following
where ω 2n+1 [g] is winding number density as defined like equation (14) . The topology property of H also can be obtained by studying the zero mode chirality according to AS index theorem. In fact, H =ĥ +ĥ † ,ĥ = q ⊗ τ + , where τ ± = (τ x ± τ y )/2, τ is the usual Pauli matrix. Thus, h is a Dirac operator in mathematic. Physically, it sends a negative chiral state to a positive one while annihilating all positive chiral states. The chirality of the zero mode are defined as the index of H,
Therefore, the analytic index equal to the topological index due to AS index theorem, ind(H) = W 2n+1 [q] . Based on the equation of (18) Ch n [F ] = W 2n−1 [g], one can construct the relationship between class A in evendimensional and class AIII in odd-dimensional topological insulators, the odd-dimensional topological insulators "lives" on the equator of sphere. The relation can be expressed with Stokes theorem,
where g ↔ q means the gauge transformation group g in d-dimensional is replaced by the (d − 1)-dimensional group q.
Integral topological invariants for Real case
In physics, there are two anti-unitary symmetries can compose on the Bloch Hamiltonian of a insulator or Bogoliubov de Gennes (BdG) Hamiltonian of a superconductor. The Hamiltonian will be in the real case under the condition of complex operator of anti-unitary.
• (Time reversal) Any anti-unitary operator T that commutes with band Hamiltonian according to T −1 H(k)T = H(−k) qualifies as a time reversal (TR) symmetry.
• (Particle-hole ) Any anti-unitary operator C that anti-commutes with band Hamiltonian according to C −1 H(k)C = −H(−k) qualifies as a particle hole (PH) symmetry.
• (Chiral) Any unitary operator S that commutes with band Hamiltonian according to S −1 H(k)S = −H(k) qualifies as a chiral symmetry, such as the composition T C.
The 8 real symmetry classes can be arranged on a eight hour "clock" see Fig.1 according to the sign of T and/or C (particle-hole) are specified by the values of T 2 = ±1 and C 2 ± 1. They can be visualized on an eight hour "clock" [41] . The chiral classes are denoted as red, while non-chiral is indicated by blue.
PH symmetry). If both PH and TR are present, we may assume they commute [T, C] = 0.
According to the periodicity table of TSMs in table II, we know there are four classes non-trivial topological insulators (superconductors) in one Bott period of every symmetry group for real case. Now how to decide the value of the number Z or Z 2 specifically ? It is a difficult problem in general, but we can establish some integral formulas to describe its non-trivial topology properties using Berry curvature or connection. Compared with the complex cases, the integral formula will be more complicated in real cases. Following we will give a general integral formula for non-chiral classes AII (AI) with TR symmetry only and classes D (C) with PH symmetry only. The Chern number density is subject to the constraint due to the time reversal symmetry
so the Chern number will be zero in the 2n-dimensional but not 4n-dimensional. However, the constraint on the Chern-number density for non-chiral classes D (C) with PH symmetry only will be replaced by
where the extra minus sign comes from the sign different of Chern-number density of valence band and conduction band [61] , which also can be seen from equation (159). Hence, there are non-trivial Z topological states in these non-chiral classes with only PH symmetry for (4n − 2) dimension. The zero Chern-number can exist for (4n−2)-dimension with TR symmetry or 4n-dimension with PH symmetry, it seems we will get trivial fiber bundle. In other words, there is no obstruction to define the Bloch wave functions continuously over the entire base space. However, TR (PH) relation between k and −k allows for an additional constraint so that the specified by the degree of freedom of half the Brillouin zone. From the constraint of Chern-number, we know there is also nonzero Chern-number in the dimension d ≡ 0 (mod 4) for TR symmetry classes and d ≡ −2 (mod 4) for PH symmetry classes, generally the condition is s − d ≡ 0 (mod 4) [41, 62] for the other non-chiral classes denoted with blue color in Fig.1 , where s = 0, 1, 2, · · · , 7 (mod 8) denoting the class of symmetry. Following we write down the general integral formula of topological invariants according to the dimension hierachy [24, 35] 
where d is the space dimension. In fact, one will always get a even integer for the case s − d ≡ 4 (mod 8), because the Hamiltonian will be reduced to two copies of the Hamiltonian of case s − d ≡ 0 (mod 4) [35] .
1st Z 2 descendent: This applies to case s − d ≡ −1 (mod 8). For AII like non-chiral symmetry classes, we can construct a Chern-Simons invariant equation (10)
where Q d (A, F ) is the Chern-Simons form (8) . As discussed in subsection Chern character, the ChernSimons number is not gauge invariant, but it will have an integer difference after gauge transformation. Hence, the Chern-Simons invariant used above can figure out the Z 2 index, because it will change only an even integer after gauge transformation. One can get the Z 2 index after the calculation of mod 2.
2nd Z 2 descendent: This applies to case s − d ≡ −2 (mod 8). The integral topological invariants will be more subtle and difficulty. We will construct a similar Fu-Kane integral invariants [41, 60] which also depend on the Berry connection A. Because the Chern-number will be zero (104), it is predicted the fibre bundle will be global trivial. But due to the involution of k ↔ -k of the base manifold, there is another obstruction to globally defined the Bloch wave function. For non-chiral classes the Fu-Kane topological invariants can be expressed as
where S d 1/2 is a hemisphere, and ∂S d 1/2 = S d−1 is its equator boundary that is close under the condition k ↔ -k. The Chern-Simons constructed with a gauge that satisfies the constraint109 along the equator for class AI and AII (s = 0, 4) with TR symmetry. The gauge constraint [41] (110) will be more complicated with only PH symmetry nonchiral classes like D, C (s = 2, 6), G k should be able to deformed continunously into a constant matrix preserve the PH symmetry. The explicit constraints are written like following,
where u + , u − are stand for conduction and valence band wave function. The topological invariant ν 2 will be an Z 2 value under these constraint conditions. These significant topological invariants integral formula are so beautiful and profound. Now we give an intuitive interpretation of these integral formula, which may be useful for physicists to understand the topological meaning. Actually, they have very clear topology properties, Z-invariants indicate that the non-trivial global Bloch wave function can not be defined over the whole Brillioun zone. One have Z kinds of methods to twist the fiber bundles. In other words, it classifies the distinct different non-trivial fiber bundles in the cases q − d ≡ 0 (mod 4). 1st Z 2 invariants clearly indicate there are only two distinct fiber bundles, we denote "0" and "1" as the trivial fiber bundle and non-trivial fiber bundle, respectively. For example, one can construct a cylinder or Möbius strip over the base manifold S 1 with fiber R, respectively. The fiber bundle cylinder have the trivial product S 1 × R, but one cannot write a product of base manifold with fiber globally for the Möbius strip. So it is a non-trivial object that you can not obtain it from continuously deformation of cylinder. In physics, it predicts there is non-trivial topological state in 3-dimension in class AII, called topological insulators. The most complicated case is the 2nd Z 2 , the integral region is the half Brillioun zone, and contains two forms integration, the first term is the "area" integral, the second term is the "line" integral. It's the high dimensional general formula like Green-formula which relates the line integral and area integral in 2-dimension, or the Gauss-formula which establish the relationship between volume integral and area integral. The first term in equation (108) is invariant under any gauge transformations, but the second term will be changed by an any integer. However, one can prove the integer will be only even under the constraint of equation (109) or (110). The intrinsic topology information is contained in the boundary term or the second term in equation (108), the group of the gauge transformation will be reduced to a block off-diagonal matrix because the TR symmetry constraint, so the difference of the second term under this gauge transformation will be 2 times a winding number term. In other words, the integral formula predict a Z 2 invariant. Now, we give a derivation of these integral formula using the methods which have used in ref. [24, 41] . The ν 1 topological invariant can be obtained from the one higher dimension topological insulators whose Z invariant formula is Chern-number. If the manifold of the d−1 dimensional ν 1 topological state can be viewed as the equator of the d dimensional Z topological state with the same symmetry, we can compute its topological invariant via Stokes theorem. Now we introduce one point parameter deformation H(k, θ) that connects H 1 (k) at θ = 0 to a constant Hamiltonian at θ = π . In general, H(k, θ) for θ ∈ (0, π) does not necessarily satisfy the TR(PH) symmetry. But the symmetry can be restored by introducing a mirror image Hamiltonian in d dimensional space can be characterized by the Chern-number
Due to the symmetry of TR(PH), the contributions from the two hemisphere θ > 0 and θ < 0 are equal. Using the equation of (7) and Stokes theorem (1) one can therefore obtain
where A + , F + are the Berry gauge potential and Berry curvature of the north hemisphere, and the last equal is restrict on the equator. The result is agree with equation (107). Although the ν 1 is different for different interpolation H(k, θ). However, TR(PH) symmetry requires the difference is an even integer.
For the derivation of the integral formula (108) is a little more difficult. Due to the Chern-number will be zero in this case, only the obstruction for the global Bloch wavefunction is the Z 2 group action of TR(PH) symmetry on the base manifold. Hence, the gauge conditions of (109) or (110) will fore the valence frame to be singular at two points, depicted in the Fig.3 , related each other by TR(PH) symmetry. The wave functions on the two patches can be related by transition function U (k) on the boundary ∂B = S d−1 ∪ S d−1 . In homotopy language, this is the group π d−1 (U (k)), which can be calculated by the winding number (16) on one of the spheres,
where we have used the equation of (7) and (1) for any g ∈ U (k). The first curvature term of equation (108)is gauge invariant. Any gauge transformation on the boundary ∂S (109) or (110) have even number and would alter the ChernSimons integral by an even integer. The gauge condition is essential to make the formula nonvacuous. Now we can written the following map between these topological invariants
where i * restricts a model on a sphere S d onto its equator S d−1 , which is also the loop space of S d . Four among the eight symmetry classes of table II are invariant under chiral symmetry, which is a combination of particle-hole and time-reversal symmetries. These four symmetry classes are called BDI, CI, CII and DIII. We can characterize the topological properties of chiral symmetric Z topological insulators by a winding number (16) , which is defined in terms of the block off-diagonal projector q like the class AIII. As the same reasons for nonchiral classes, we can derive a Z 2 classification by imposing the constraint of additional discrete symmetries (such as T and C) for lower-dimensional descendants. Fist of all, we note that the winding number density (14) is purely real, ω *
, which can be checked by direct calculation. Without any additional discrete symmetries, i.e. for symmetry class AIII, the off-diagonal projector q and hence the winding number density are not subject to additional constraint. However for the symmetry classes BDI, DIII, CII, and CI, the presence of time reversal and particle-hole symmetries relates the projector q at wavevector k to the one at wavevector −k.
The winding number density for symmetry class DIII and CI is subject to the constraint [35] ,
Consequently, the winding number W 4n+1 [q] is vanishing in d = 4n + 1 dimensions, i.e. there exists no non-trivial topological state characterized by an integer winding number in (4n+1)-dimensional systems belong to symmetry class DIII or CI (table II) . Conversely, in d = (4n + 3) dimensions both in class DIII and CI there are topologically nontrivial states. While for classes BDI and CII, the winding number density is constrained by [35] 
As a result, the winding number W 4n−1 [q] is vanishing in d = 4n − 1 dimensions, i.e. there are no nontrivial (4n−1)-dimensional Z topological insulators belonging to symmetry class BDI or CII (table II) . On the other hand, in (4n+1) dimensions there exist Z topological states in both classes BDI and CII. The non-trivial Z topological states in all chiral classes exist in the condition of s − d ≡ 0 (mod 4), which is identity with the conditions for integer Z topological states of non-chiral classes. Like the non-chiral classes, we will give the integral topological invariants formula for chiral classes with base manifold S d .
Z-invariants: This applies to s − d ≡ 0 (mod 4). For chiral classes, the integral invariant is given by the winding number that characterized the stable homotopy group
where d is the space dimension, q is the projector operator [35] . In fact, one will always get an even integer for the case s − d ≡ 4 (mod 8), because the Hamiltonian will be reduced to two copies of the Hamiltonian of case s − d ≡ 0 (mod 4) [35] .
1st Z 2 descendent: This applies to case s − d ≡ −1 (mod 8). For s chiral symmetry class, it is identical to that of the 2nd descendent in the non-chiral class
. So the chiral class can be characterized by the 2nd Z 2 in nonchiral classes integral topological invariant called Fu-Kane invariant by forgetting either TR or PH symmetry. (118) where S 
where [35, 41] . The valence frame of chiral classes can be chosen to be
This corresponds the Berry connection
Substituting above chiral Berry connection A c and F
which is half of the winding number density.
Until now, we have given all the explicit integral topological invariants which characterize the twist of the fiber bundles for chiral and non-chiral real classes. The structure group of real classes are more complicated than U (n), so we construct the topological invariants through the constraint of symmetry imposing on the Chernnumber ,winding number and Chern-Simons invariants whose gauge group is still U (n) rather than directly using the corresponding Lie group of each real classes. The involution of k ↔ −k can be realized by imposing the gauge condition like (110) for PH symmetry or (109) for TR symmetry.
Z2 classification in Homotopy language
Next, let us analysis the dimensional hierarchy in homotopy language. We show how the Z 2 topological insulators (superconductors) can be derived as lower dimensional descendants of parent Z topological insulators (superconductors). The general idea is to construct an interpolation between lower dimensional topological insulators (superconductors) Hamiltonians, then we can compare the different of any two lower-dimensional Hamiltonians by investing the properties of homotopy maps (21) .
Assuming the parent Z topological Hamiltonian in ddimension can be characterized by Chern number for non-chiral classes. Then the homotopy maps or interpolations between any (d − 1)-dimensional Hamiltonian in the same symmetry class are also defined in d-dimension as the same as the parent Hamiltonian. Consequently, a natural mind is that can we study the properties of homotopy maps via d-dimensional Chern-number? Fortunately, we can construct those homotopy maps whose symmetry class is the same as the (d − 1)-dimensional topological states by usual homotopy map with its symmetry transformed partner. Now we will show how to define a Z 2 invariant for AII class, the discussion is very similar for other non-chiral classes. For any two band insulators h 1 (k) and h 2 (k), a homotopy map h(k, θ) can be defined, satisfying
If we define [h(k, θ)] as the set of homotopically equivalence classes, then the classification of d − 1-dimensional topological insulators is tantamount to find how many element in [h(k, θ)]. The homotopy map will be in the same symmetry class if we define for θ ∈ [π, 2π]
and h(k, θ) is gapped for any θ ∈ [π, 2π]. Since the interpolation is periodic in θ just like k, so we can characterize the homotopy maps by Chern-number of Berry connection can be defined in the (k, θ) d-dimension space. Two different homotopy maps h(k, θ) and
However, we can show that symmetry constraint (125) will leads to 
These are recombinations of the maps h(k, θ) and h ′ (k, θ) with the following relation
which can be intuitively interpreted as the "area", it equals the area enclosed by closed blue line minus the area enclosed by closed red line like in Fig.4 (a) . However, we can also calculate the area by adding two areas of enclosed by the closed blue line and red line like in Fig.4  (b) . Consequently, the equation (129) is correct. Now according to the result of the equation (104), we know for TR symmetry we found ch n [F (k)] = ch n [F (−k)], in d = 4n spatial dimensions, with this and equation (5) we obtain
where d 4n−1 kdθ is the volume form, and we made use of the fact that g 1 transforms into g 2 under the TR symmetry operations of class AII. In conclusion, we have shown that k, θ) ) ∈ 2Z for any two interpolations. Hence we can define a relative invariant for the 4n − 1-dimensional Hamiltonian h 1 (k) and h 2 (k)
which is independent of the particular choice of the interpolation h(k, θ) between h 1 (k) and h 2 (k). Once we have identified a 'vacuum' Hamiltonian h 0 (k) ≡ h 0 , we can construct with equation (133) a Z 2 invariant: nontrivial Hamiltonians are characterized by
indicate there is nontrivial topological TR symmetry protected insulators in 3-dimension, which is just the usual topological insulators, precisely the strong topological insulators. As we all know, there is still another topological insulator QSHE in 2-dimension, so we can also try to obtain the 2nd-descendants through this homotopy discussion. The dimensional reduction procedure presented can be repeated once more to obtain a Z 2 classification of the second descendants. The idea is very easy, we can construct two-dimensional homotopy map between any two (d − 2)-dimension Hamiltonians in class AII, then study the properties of homotopy maps through topological in-
. Similarly, we consider two (d − 2)-dimensional Hamiltonians h 1 (k) and h 2 (k) with TR symmetry. Now we define a homotopy map h(k, θ),
We can interpret h(k, θ) as a (d − 1)-dimension Hamiltonian belonging to the same symmetry class AII. Therefore, for any two deformations h(k, θ) and
can be defined. It turns out that due to condition (134) the invariant
is independent of the particular choice of interpolations, i.e.
for any two homotopy maps h(k, θ) and h ′ (k, θ) satisfying the condition (134). To prove this, we consider the 2 parameters homotopy map h(k, θ, ϕ) between above 1 parameter homotopy maps h(k, θ) and h ′ (k, θ) with
This represents a d-dimensional insulator Hamiltonian with the same symmetry, for which the Chernnumber can be defined Ch d/2 (h(k, θ, ϕ)). We note that h(k, θ, ϕ) is not only a homotopy map between h(k, θ) and h ′ (k, θ), but can also be viewed as a continuous homotopy map between h(k, 0, ϕ) = h 1 (k) and h(k, π, ϕ) = h 2 (k) for any ϕ ∈ [0, 2π]. Therefore we The other non-chiral symmetry classes topological insulators can be similarly discussed using this procedure talked above. The homotopy discussion of dimensional hierarchy in chiral classes also can be similarly discussed with the parent Z topological insulators characterized by winding number. This has been performed previously in [35] , the readers who are interested can refer [35] for details.
General Homotopy discussion
Now we will give a mathematic way to interpret this homotopy analysis. Here we only show a simple argument and the details will be published elsewhere in the future. Assuming the manifold of insulator Hamiltonian in symmetry class s and d spatial dimension is h d s (k), the path space Ω(h d s , p, q) is the set of paths γ(t) on the manifold (see homotopy subsection) that from a point p = γ(0) to point q = γ(1). We also can construct a 
where Ω is the loop space operation and we have used the equation (33). If we use the label of classify space R s−d denote the d-dimensional insulator with symmetry s, then we obtained
where we have used
), which is consist with the subsection of homotopy.
In a similar manner, we can construct Ω h (R s−(d−1) , h 1 ) of the homotopy maps which form the loop space of (d − 1)-dimensional Hamiltonian manifold, with (d − 2)-dimensional h 1 as the base point. As the same logic, we can study the properties of these homotopy maps by studying the zero homotopy group of Ω h (R s−(d−1) , h 1 ),
which is also consist with the subsection of homotopy classification. Because the loop space and double loop space of R s−d is non-trivial for (s − q) ≡ 0 (mod 4) (see table I), there are the so called 1st and 2nd descendants talked above, which also explain why the homotopy discussion can only exist in (d − 1) and (d − 2)-dimension. While for Z invariant satisfying (s−q) ≡ 4 (mod 8), there are no non-trivial loop space manifold following, so there are no Z 2 descendants. For example, the parents of TR symmetry class s = 4 is 4n-dimensional insulators, the 4D quantum hall effect [4] in this class with d = 4. The topological invariant is π 0 (R 4−4 ) = Z, the 1st descendants can be described with a Z 2 index, which can be obtained by π 0 (R 4−3 ) = Z 2 , the 2nd descendants is characterized by π 0 (R 4−2 ) = Z 2 .
In conclusion, the homotopy maps discussed in the last subsubsection are nothing but establishing an explicit way to study the loop spaces of the parent space. It can be easily understood in loop space language in this subsubsection. In physics, the loop space can be interpreted as an adiabatic evolution of θ from 0 to 2π , which defines a cycle of adiabatic pumping in h(k, θ).
The TBT is a beautiful theory since it studies the topology properties of Bloch Hamiltonian or BdG superconductors, but we cannot directly establish the relationships between the topological responses of physical system and these topological invariants. Next, we will discuss TFT which describing the topological responses directly through coupling external field such as electromagnetic field or gravitational field. Through this theory, we can obtain the quantization Hall conductance of IQHE, topological magnetoelectric response and so on.
B. Topological Field Theory
In this subsection, we mainly discuss the topological properties of Chern-Simons topological field theory which has been extensively used in topological insulators [24] . It is a powerful effective theory, both the integer and the fractional quantum hall effect can be described by the topological Chern-Simons field theory in 2+1 dimensions space-time space [63] . This effective topological field theory captures all physically measurable topological effects, including the quantization of the Hall conductance, the fractional charge, and the statistics of quasiparticles [64] . In recent years, the time reversal invariant (TRI) insulators have found also can be described by ChernSimons field theory [65] and the dimensional reduction of it [24] . For example, the field theory of QSHE insulators and TRI topological insulators in (3+1) dimension can be obtained by dimensional reduction from the parent Chern-Simons topological field theory in (4+1) dimensional space-time.
In the following, we will show the Chern-Simons effective theory can be appearance naturally in physics. And we will give a compact formula of Chern-Simons field theory with the convenient differential forms, which is equivalence to the familiar Chern-Simons field theory that is expressed with various components and anti-symmetric tensor. From this compact form, we obtain the general connection between non-interacting Chern-Simons field theory with the factor of Chern-number (Ch n ) of valence fiber bundle and interacting ones with the factor of winding number of Greens' functions (N 2n+1 [G] ). In addition, we find the general connection of topological invariants that describe different Dirac models through the projector operator. What's more, we find the beautiful mathematic corresponding topological invariants for various Dirac models. The topological invariant in lattice Dirac models of topological insulators are extended to higher dimension, and we find it is nothing but the Gauss map number, the special case for d=2, and d = 4 have been discussed [24] . In addition, we will discuss the general phase-space Chern-Simons theory defined in ref. ([24] ), which gives a unified theory of all topological insulators and contains all experimentally observable topological effects. Finally, we briefly review some important results about bulk-boundary correspondence, and introduce the beautiful index theorem [18] that relates the chirality gap-less excitation states of the edge and the topological invariants of bulk.
The Chern-Simons field theory
Field theory of electrons interacting with external Abelian gauge field A µ is given by the Dirac Lagrangian density [66] 
where µ = 0, 1, . . . , d. By integrating out the fermionic degrees of freedom in the related path integral and using the one loop approximation in the weak field or long wavelength limit for the gauge fields, one will get the Abelian Chern-Simons action in D = d+1 = (2n+1) continuous Euclidean dimensions like following [24, 66, 67 ]
with the coefficient c n which can be computed by calculating the relevant portion of the Fig.5 and note that Ward identity,
where ǫ µ1µ2···µ2n+1 is totally antisymmetry tensor, A is the external Abelian gauge field, x is the space time coordinates, k is the momentum-frequency space and G ≡ G(k, ω) is the imaginary-time single-particle Green's function of a fully interacting insulator. This Chern-Simons field formula is not so rigorous that one cannot see the topological properties at first time because of many components and indices used in the expression. Now we will give the beautiful formula of this expression with differential forms, it's essential simplicity because one can replace the integral volume , the sum of antisymmetry tensor and corresponding components by the simple wedge product. For example, the components expression (141)can be replaced by
where ∧ is wedge product, d is the exterior differential operator. As the same reason, the coefficient c n also can be written an compact expression as
(144) However, this transformation of expressions is not a useless mathematic tricks, we will later show that the compact forms are very convenient for deducing more complexity expressions. Next we will use winding number (16) of Green's function and Chern-Simons topological invariant (11) to reexpress the equation (141),
where we have used the winding number definition (16) ,
] which actually equal to the winding number and define
is a significant topological invariants in CMP [15, 17, 18, 68] , which has been used to investigate the robust properties of ground states. In order to simplify the label of external gauge field A ′ , we still denote A in the final form for convenience. Consequently, the Chern-Simons field theory of insulators with interacting can be reexpressed in a more compact form,
One can quickly know the topological properties of this effective field theory from above compact form (146), this compact form means
S 2n+1 is nothing but an integer times 2π, S 2n+1 = 2nπ, n is any integer number. We can get the response of fermionic system trough the motion equation [24] J 2n+1
where J is the general "current", we have used the communication of variational operator δ and exterior differential operator d, dδ = δd. Finally, we can define the general current density one-form J as
where * is the Hogde star operator which makes a pform become a (n − p)-form, n is the total dimension of differential forms [29] . So from the definition of j and the property of Hogde star operator, we know it is a one-form. This is a beautiful general current formula, the physical response of 2D-IQHE and 4D-IQHE can be reexpressed use this one-form formula as J 3 and J 5 . For convenience, here we write these currents explicitly,
these components formula both are consistent with the previous work [24] . Later we will show the topological invariants N 2n+1 [G] will be equal to the Chern-number of non-interacting system generally, N 2n+1 [G 0 ] = Ch n , where G 0 is the Green's function of non-interacting system. In other words, we can write the beautiful general current formula for non-interacting insulators system as
where F is Berry curvature defined as (99) in momentum space. This low-energy effective Chern-Simons field theory can provide nearly all physical response [24, 64] , we will obtain the important Z 2 topological insulators via 'dimensional reduction' by compactifying one or more dimensions. In the following section, we will prove some important topological invariants used in this field, and obtain some significant relationship between them. In addition, we will give some special model topological invariants and explaining the physical meaning.
General topological invariants and their relation
In this subsection, we will show how to derive the Chern-number of non-interacting systems from the topological invariants N 2n+1 [G] , and next give a general formula for a special Dirac lattice model. The important step is to use the projector operators of valence band P G and conduction band P E , the same trick has been used in the ref [61] and [24] . The Hamiltonian and Green's function both can be expressed use these projectors, the process of which is equal to band "flat" but preserve the topology properties. The final form is actually homotopically equivalent to the original model only if the band gap doesn't close, one can explicitly construct this homotopy relation as in ref [24] . Finally, one can obtain the non-interacting Chern-number by performing again the integration over the frequency.
With the projector operators, one can write the Green's function in a simple form
where ǫ G , ǫ E are the energy of the ground state and excited state, respectively. Next, we introduce some important properties required to prove the general relation. As the same as usual projector, we have P G + P E ≡ I, P 2 G = P G , P 2 E = P E , P E P G = 0. In addition, from this identity and the property of exterior differential operator d we obtain
where (156) can be obtained by times P G from the left side of (155) or P E from the right side of (155). And the inverse of Green's function reads as G(k, ω)
where ǫ E > 0 is the conduction energy of "flat" model and ǫ G < 0 is the corresponding ground state energy. After introducing these required knowledge, one more thing we need is the curvature 2-form which expressed with projectors. As a matter of fact, one can obtain the following identities by choosing an explicit basis [24] ,
It is time to put all of above into the form of
here we give the explicit calculation as following,
where in the equation (158), the residue theorem has been used, equation (159) is correct due to the totally derivative of tr(dP G ∧ dP G ) n when substituting P G + P E ≡ I, and finally we have used equation (157). In summary, carrying out the integral over ω firstly, and then through some tedious algebra calculation, we obtain
This process establish the relationship for the dimensional hierarchy of Chern number. In other words, we have the following map,
where we have used equation (18), F ′ and F are Berry curvature forms of fire bundle P (T d , P E ⊗ P G ) and
Secondly, we propose the topological invariant N 2n+1 [G 0 ] is identity to the Gauss map number, also called the generalized winding number W G [24, 49] for the compact Green's function,
where repeated indices mean summation, and Γ a is Clifford algebra, satisfying,
with I as the identity matrix, and {, } is the anticommunication operator. This Green's function is a generalized Dirac model, can be used to demonstrate Class A topological insulator or time-reversal invariant topological insulator. Assuming d a d a = 1, this condition is reasonable due to the topology property of Green's function is hold. Under this normalization condition the projection operator can be written simply as
Substituting P + in equation (159) by (167), we can obtain
where ∈ a0a1···a2n+1 is totally antisymmetry tensor, A(S 2n ) is the area of the 2n dimensional sphere, and the non-zeros Γ matrixes is just 2n+1 different Gamma matrix multiplied because of the antisymmetry of wedge product. In addition, one can use an implicit representation of Gamma matrix [35] to calculate the trace, in fact, Γ a1 Γ a2 · · · Γ a2n+1 is a constant matrix according to Schur's theorem [69] . This formula is just the general winding number of mapping from the BZ T 2n to the sphere S 2n , which is used in ref [24, 70] . To make the physical picture clearer, the simplest case of a two-band model can be studied as an example [24, 70] . The Hamiltonian of a two-band model can be generally written as
where I is the 2 × 2 identity matrix and σ a are the three Pauli matrices, this model is called quantum anomalous Hall effect (QAHE) [70] . We can immediately write the topological invariants using W G (2) as
where we have defined
, which is consistent with ref ( [24] ). For general (2n+1)-dimensional Dirac lattice models, the topological invariants that characterize the topological properties all can be obtained using W G (2n). Finally, we can add a mass term to investigate the variation of the topological invariants W G (2n), this is equivalent to study the topology properties across the interface of domain wall in physics [24] . Therefore, the vector φ will be dependent on (2n+1)-dimensional coordinates v = (k, m), where k is momentum space m is mass coordinates. We will obtain another important general formula with Jacobian determinant and general δ function [49] ,
where we have defined a smooth vectors φ a (v) satisfying,
and D (φ/v) is the usual Jacobian determinant of φ with respect to v
(174) And we use the ordinary theory of δ-function [71] 
we obtain
where β i is the Hopf indices and η i are the Brouwer degrees. Finally, using the method of φ-mapping topological current theory proposed by Duan [49, 50, 52] , one will get the final result (172), which is essential the result of Poincaré-Hopf theorem in mathematic. The equation of (172) indicate the topological invariants W G (2n) can be only changed at the critical values, φ = 0. In physics, at the critical points the Dirac system becomes gapless, d a d a = 0. Now let me study a particular two band model introduced in ref [70] , which is given by h(k) = sin k x σ x + sin k y σ y + (m + cos k x + cos k y )σ z .
(177) This Hamiltonian corresponds to form (170) with ǫ(k) ≡ 0 and d = (sin k x , sin k y , m + cos k x + cos k y ). Next, the critical points v = z i can be listed below:
The Brouwer degree so can be easily calculated as following
similarly we obtain sgnD(φ/v)| z4 = 1, while for the case m < −2, there is non critical points so W G (2) = 0. It is easy to determine W G (2) in the limit m → +∞ since the unit vector φ → (0, 0, 1) in that limit, so there is no critical values, W G (2) = 0. Thus we only need to study the change at each quantum critical points, namely, at critical values of m where the system becomes gapless. In summary, we obtain the W G (2n) or first Chern-number is assuming Hopf indices is equal 1,
The two critical points z 1 and z 2 is more complicated because the Jacobian determinant is zero at these values, these were called bifurcation points [50] . The branch process will arise at the bifurcation points, here the topological invariants change from −1 for m < 0 to 1 for m > 0 at the bifurcation point m = 0.
In conclusion, we not only give the general prove of various topological invariants which have extensively used in CMP, but also establish some important relationship between these topological invariants. In order to give an intuitive physical interpretation, we explicitly give the topological invariants of the two-band QAHE model. We give the corresponding mathematic objects for various topological invariants used in physics. The explicit map can be constructed as following,
.
Topological order parameter using zero-frequency Green function
The topological invariant N 2n+1 [G] has the disadvantage that it involves a frequency integral. In most numerical algorithms, it's very difficult to obtain the dynamic Green's function at all frequencies. Recently, Wang [21, 72] propose simplified topological invariants for interacting topological insulators. They are expressed in terms of Green's function at zero frequency instead of the entire frequency domain. The key idea is to introduce a smooth deformation of G(iω, k) parameterized by λ ∈ [0, 1] as follows
Due to the topological property of invariant of N (G), we will get that dN (G, λ)/dλ = 0 if the deformation (181) does not contain singularity. Fortunately, Wang prove that deformation is smooth, it means the interacting Greens function is homotopy equivalent to zerofrequency Green function, so we have
Therefore, we just need to calculate N [G(iω, k, λ = 1)], which is equivalent to calculation for an effective noninteracting system with h ef f (k) = −G −1 (0, k). Following the same logic of last subsection, we will obtain the following result
where F is the Berry curvature of "R-space" [72] . It's straightforward to generalize the non-interacting topological invariants to interacting system using topological effective Hamiltonian h ef f (k) = −G −1 (0, k).
Phase space Chern-Simons theories
The phase space Chern-Simons theories have been studied in the previous works [24] . From the mathematic viewpoint, the base manifold or base space of noninteracting Chern-Simons field theory is phase-space. In addition, the rules of dimensional reduction used in ref [24] will be clear with phase space Chern-Simons theory. Now we can briefly introduce the phase-space ChernSimons form. Firstly, we define the phase-space coordinate as q = (t 0 , x, k) as , where t 0 stands for time, x is the real space and k is momentum space. And the external Abelian gauge potential one-form in phase space can be written as A = A i dq i , and non-Abelian Berry phase potential one-form is a = a i dq i , where i is the indices of phase space coordinates. After introducing these concepts, we can write the total one-form as
where λ is a real coefficient. Now we can substitute the gauge one-form A λ in the definition of Chern-Simons invariants (10) , one can obtain
where V q is the volume of phase space, F λ t is defined as equation (9),
If we substitute (184) into (186), then F λ t can be reexpressed as
The factor i n+1 in equation (185) can be easily cancel if we redefine the A λ , so we just omit it in the following for convenience, and we also omit the volume of phase-space V q . So the (185) can be expressed as
where CS r 2n+1 stands for the mixed Chern-Simons invariant in (2n + 1)-phase-space dimensions with r powers of the external A field, C s n is binomial coefficient and [n/2] denotes the maximal integer that doesn't exceed n/2 . Specifically, CS 0 2n+1 is a pure non-Abelian Chern-Simons term of Berry gauge one-form a.
We can now write the "generating functional" ChernSimons field theory S 2n+1 (λ) as
where S r 2n+1 stands for the mixed Chern-Simons action in (2n+1)-phase space. Therefore, it is easy obtain S r 2n+1 from the generating function
As the reference [24] said, (189) is the unified theory of all topological insulators, the effective action of family tree of topological insulators can be derived from this phase-space Chern-Simons generating function. In summary, we briefly study the phase-space ChernSimons theory generally. And all topological insulators can be well described in a unified form in this space, which contains the parent theories and their descendants.
Parity anomaly, edge states and index theorem
The presence of terms of topological origin in the Chern-Simons theory talked above are closely related to the presence of anomaly called parity anomaly in D = 2n + 1 space-time dimensions [29, 73] . For convenience, we relabel the Chern-Simons forms as Ω (0) 2n+1 and Chern character form as Ω 2n+2 in this subsection, respectively. In anomaly theory, there is a significant relation called descent equations [26, 29] , the fist two are
where δ v is the gauge transformation in question and Ω (1) 2n+1 is linear in v by definition, the first equation of (191) is nothing but (7) . Therefore, when there is a boundary in the system, the integral of the Chern-Simons term is not invariant on its own, rather, upon making use of the (191), one obtains
(192) This is something we are familiar with from the physics of the quantum Hall effect: the presence of the boundary term appearing on the right side of Eq.(192) signals the presence of edge mode. So generally, the edge state can be contributed to the parity anomaly in the D = 2n + 1 space-time dimensions.
The feature of the topological insulator systems is that all of them are gapped in the bulk but also supposed to have gapless excitation on the boundary. Now how can we establish the bulk-boundary correspondence by the topological invariants from their respective Green's function? The question has been answered partly by Volovik [18] and has been extended in general dimension by Gurarie.el [74, 75] . Here, we only outline the result, the details can be found in Ref. [74] . Firstly, let define the topological invariants describing the edge of a topological insulator in D = d + 1-dimensions space-time space. If the topological insulator has an edge, translation invariance in the direction perpendicular to the edge is lost, and the good quantum number is the (d− 1)-dimensional momentum k d−1 parallel to the edge. We expect the edge to have gapless excitations at some mometum (so the edge is not an insulator), the Hamiltonian at fixed k d−1 = Λ (the last component of momentum space) is gapped if Λ is sufficiently large (as a function of remaining d − 2 momenta), and so describes a (d − 2)-dimensional insulator. Secondly, the bulk topological insulator with translation symmetry can be distinct by N D [G] discussed in this section, where G is the single-body Green's function. Finally, we will obtain the general topological invariants relation of bulk and boundary according to Ref. [74] as follow:
where N D−2 (Λ) is the topological invariant which describes the (d − 2)-dimensional topological insulator at fixed Λ. For example, the chirality of the gapless excitation states along single edge in the two-dimensional system (IQHE) has a topological interpretation
where n + and n − are right movers and left movers gapless states along the edge. In general, Eq.(193) is the result of AS index theorem, it give the topology relation of chirality of the edge mode and the spectral flow which can be described with a winding number N D in a semiinfinity system. Eq.(193) is also called index theorem by Volovik[18] , it is really close to AS index theorem, and which bridges the bulk-boundary correspondence of the topological insulator.
C. Periodic Table of TSMs
The classification of the ground state bundles is a significant issues for physics, which has been obtained through K-theory [32, 40, 43] or a nonlinear σ model of disordered fermions [76] . Recently, Ryu. [26] classifies topological states via gauge anomalies or axial anomalies and propose this method can be described the interacting fermions system. In summary, they establish the period-2 for complex case of fermions system and period-8 for real case pattern of correlations from different sides, but all of them underly the mechanism of periodic table of TSMs is an interesting mathematic result called Bott periodicity theorem. The manifold of ground-state of various symmetry is nothing but the ten symmetry spaces discovered byÉlie Cartan in 1926. In physics, Altland and Zirnbauer [44] recognized that there is a one-to-one correspondence between single-particle Hamiltonian and the set of symmetric spaces.
In this subsection, we will classify all non-trivial TSMs in various space dimensions by topology K-theory. And we establish the periodic table II of TSMs from a more physical way closely by ref [43] and ref [32] , but we interpret this classification more "topology". In the following, we firstly introduce the classification for d = 0 case for simplicity, and establish the classifying spaces more physical. The topology relation of classifying spaces are investigated by minimal geodesic and loop space discussion. We will show the ten symmetric classifying spaces can naturally come up in CMP under some physical symmetries such as time-reversal, U (1) symmetry and conjugation symmetry. Next we consider the more realistic system of d = 0 dimensional free fermion systems. We obtain the classification of different models such as continuum model with base manifold S d or band insulator model with base manifold T d using topology K-theory. After that, we give the physical interpretation of the classification by studying the properties of mass matrices m of a d-dimensional Dirac operator. Finally, we establish the periodic table with KR-theory in all space dimensions.
Classification for d = 0 (complex case)
It is simple for the classification of d = 0 case, the base manifold is just one point. So the distinct nontrivial topological states only require to investigate the topological properties of fibers i.e., the space of ground state of gapped Hamiltonians. Intuitively, the difference for a given symmetry class is the occupied orbitals, or called the dimension of the 'valence' fibers. So we should consider a system with n orbitals in the n → ∞ limit, it is in the stable range. In this case, the zero-dimensional gapped phases are labeled by an integer m ∈ Z, where m still corresponds to the number of occupied orbitals, or the dimension of fibers. Now let us firstly analyse the complex case of noninteracting fermions systems. The single-body Hamiltonian of the n-orbital system is given by the n × n Hermitian matrix H. If the orbitals below a certain energy are filled, we can deform the energies of those orbitals to -1 and deform the energies of other orbitals to +1 without closing the energy gap. The Hamiltonian of deformation after and before is homotopically equivalence, one can construct a homotopy map between these the "flat" model and the original model. Therefore, without generality, we can assume H to satisfy
It's easy to know, such a Hermitian matrix has the form
where n = l+m and U n×n is an n×n unitary matrix. But U n×n is not a one-to-one labeling of the Hermitian matrix satisfying H 2 = 1. To obtain a one-to-one labeling, we have to modulo the redundancy group that makes the ( I l×l 0 0 −I m×m ) invariant from the unitary group U (l + m). Hence, the classifying space for complex case C 0 of the Hermitian matrix satisfying H 2 = 1 is given by ∪ m U (l + m)/U (l) × U (m), which, in the limit of n → ∞ limit, has the form
As discussed in the subsection II C, the classifying space C 0 is nothing but the loop space of U (l + m), see the equation (36) . In fact, we can approximate the loop space of U (l + m) by minimal geodesics from I to −I: L = e iλH , where H is the Hermitian matrix satisfying H 2 = 1 [38] (note the length of the geodesic is tr(HH * ). So that L(0) = I and L(π) = −I. So the topology of C 0 is just the loop space of U (l + m). Clearly, π 0 (C 0 ) = Z, which recovers the result obtained above using a simple argument: the zero-dimensional gapped phases of free conserved fermions are labeled by integer Z. According to the equation of (33), π 0 (C 0 ) = π 1 (C 1 ), where C 1 is the U (n) group with n → ∞.
How to interpret the classifying space of C 1 in physics? This construction can be realized by imposing symmetry to Hermitian matrix H, such as chiral symmetry, for convenience later, we denote as γ in this subsection, satisfying γH + Hγ = 0 and γ 2 = 1. To compute the classifying space, we parametrize C 0 by symmetric matrix K, that satisfying K 2 = 1. We can prove the Hamiltonian satisfying H 2 = 1 and
In fact, the loops remain in the space of C 0 because of (Ke iλγ ) 2 = Ke iλγ Ke iλγ = e iλKγK e iλγ = e −iλγ e iλγ = 1, and γ ∈ C 0 . So, the classifying space C 1 is nothing but the loop space of C 0 . Actually, we can construct the form of Hamiltonian explicitly as ref [43] 
where unitary group e iσ x ⊗An×n e iσ 0 ⊗Bn×n ∈ U (n) × U (n) (A n×n and B n×n are Hermitian matrices) makes the γ invariant. From the form of (198), we know its positive and negative eigenvalues are paired, which is the reflection of chiral symmetry. We see that space C 1 is U (n) × U (n)/U (n) = U (n). From the unitary Bott periodic theorem in subsection II C, we know there are only two kinds of classifying spaces for complex cases, C 0 and C 1 .
Therefore, we can classify all complex ground-state gapped fermions systems for d = 0 according to
The topology K-theory will be like following KU(pt) = π 0 (C 0 ) and KU
, where S is the suspention [54] operator, Ω is the loop space operator, and pt stands for one point, i.e., the zero dimensional case. So the classification of groundstate fiber bundle on one-point base manifold can be reexpressed as
where we have used the Bott periodic theorem of KU −q = KU −q−2 (65).
Classification for d = 0 (real case)
When the fermion number is not conserved and/or when there is a time-reversal symmetry, the gapped phases of noninteracting fermions are classified differently. However, using the idea and approaches similar to the above discussion, we can also obtain a classification. Because we will not be assuming charge conservation, it is convenient to express the complex fermion operatorĉ j in terms of real fermionic operators (Majorana fermionŝ η † i =η i ),ĉ j = [η 2j + iη 2j+1 ]/2. The HamiltonianĤ can be written asĤ
where A is a real antisymmetric matrix, A ij = −A ji . Any real antisymmetric matrix can be written in the form
where O is an orthogonal matrix and the λ i 's are positive. The eigenvalues of A comes in pairs ±iλ i ; thus, if we considering gapped systems, λ i is always nonzero. We can shift all λ i to 1 without closing the gap and change the phase of the state. Thus, we can set A 2 = −1. This is usually called "spectrum flattening". Then, we can write 
Such a curve is, in fact, a minimal geodesic from I to −I. Each such geodesic can be represented by its midpoint L(π/2) = A, so the space of such geodesics is equivalent to the space of matrices A satisfying A 2 = −1 and A T + A = 0. Therefore, we obtain [38] , where Ω 0 = R 1 [32] , Ω d is the minimal geodesic space operator and Ω is the loop space operator(seen subsection II C). Finally, we obtain R 2 = Ω(R 1 ), which means the topology of classifying space of R 2 is nothing but the loop space of R 1 . Now suppose that we restrict ourselves to timereversal-invariant systems and, furthermore, to those time-reversal-invariant systems that satisfy T 2 = −1, where T is the antiunitary operator generating time reversal. Then following Ref. [32, 43] , we write T c i T −1 = (J 2 ) ij c j . The matrix J 2 is antisymmetric and satisfies J 2 2 = −1. T invariance of the Hamiltonian requires J 2 A = −AJ 2 . So the choices of A 2 = −1 is equivalent to the complex structural space that anticommuting with fixed ρ 1 = J 2 denoted as Ω 2 (seen 43) and R 1 0 or R 3 in Ref. [43] . In topology, the space of matrices A satisfying A 2 = −1 and Aρ 1 + ρ 1 A = 0 is equivaalent to the space of geodesics L(λ) = ρ 1 e λX in Ω 1 , where we define
1 Xρ1+X) = −I, so the geodesic L(λ) is in space Ω 1 , and the midpoint is L(π/2) = ρ 1 X = A. Therefore, we have
That is to say, the classifying space R 3 has the topology Ω(R 2 ) = Ω 2 (R 1 ), which is the double loop space of R 1 .
If there are time-reversal and U (1) symmetries Q = J 1 [32, 43] , then we will require to find the matrix A satisfying
A matrices is denoted as R p 0 according to Ref. [43] , and satisfying R p 0 = R p+2 = Ω p+1 [43] . And we have the periodic relation R p+8 = R p due to the Bott periodicity theorem Ω p+8 = Ω p , the classifying space have the topology relation R p+1 = Ω(R p ) based on the discussion above. In summary, we have obtain the general topology of classifying space R p+2 from the explicit Clifford algebra Cl(p+ 1, 0) representations and the minimal geodesic discussion.
There is another problem we will meet is real symmetric matrices ρ 1 , · · · , ρ q satisfying ρ i ρ j + ρ j ρ i = 2δ ij I. Physically, this is corresponding to the cases such as ρ 2 1 = T 2 = 1 [43] . So, in general, we can consider a real antisymmetric matrix A that satisfies (for fixed real matrices
The space of those A matrices is denoted as R p q ( An alternative notation is used in Ref. [43] , where the positive generators are listed first and the parameters p and q are swapped. ). In nature, the matrix A ∈ R p q satisfies the Clifford algebra Cl(p + 1, q) in mathematics. How can we know the topology properties of the matrices A? As in the subsection II C, we can define the space Ω k (16n) as the real matrixJ set satisfying J 2 = 1 and anti-commuting with fixed {J} k−1 1 which satisfyJ iJj +J jJi = 2δ ij I. Using the same logic in subsection II C, we will obtain
The space Ω i has the same direction as Ω i for choices J i , but it is offset by 2 as in the Ref. [40] . This property also can be obtained by construction a map from R p 0 to R p+2 as in Ref. [43] , but the approach here is more geometrical. What's more, we can construct an explicit map between R p q and R p+1 q+1 as in Ref. [43] ,
this ( 
So we can study the space R p q via the space R p−q+2 mod 8 which have only positive generators.
In K-theory, the problem is formulated in terms of difference objects (E, F, w), where E, and F are representations of Cl(0, q + 1), and w is a linear orthogonal map that identifies them as Cl(0, q) representations, see [77] . Without loss of generality, we fix F to be a sum of several copies of the regular representation (which corresponds to a trivial Hamiltonian) and w the identity map. Such difference objects form the classifying space R q . The Abelian group of equivalence classes of difference objects for point space or d = 0 base manifold is KR 0,q (pt) = KO −q (pt) = π(R q ). Therefore, the classification of gapped free-fermion Hamiltonian in d = 0 for real case can be obtained by calculating the element of KO −q (pt) = π 0 (R q ), where R q is the classifying space or symmetric space.
In summary, we have constructed the 8 real classifying spaces for different symmetry such as time-reversal, U (1) symmetry or charge-conjugation. We study the topology properties of R p q by transforming to R q spaces through equation (207) and (206). And we establish the topology relationship between different classifying space R q = Ω i (R q−i ) by minimal geodesic discussion. Actually, R q+1 is a totally submanifold of R q . Finally, we use KR 0,q (pt) to classify all topological phases in d = 0 for various symmetry classifying space denoted with q. The table can be constructed as in the table I in subsection II C. The relationship between usual classifying spaces obtained according to the discrete symmetries [35] imposing on the complex Hermitian matrix and our real Clifford algebra discussion can be established according to Ref. [40] , we omit this discussion here for simplicity.
Classification for d = 0 (complex and real cases)
After introducing the classifying spaces C q in complex case, we can consider d-dimensional free conserved fermion systems and their gapped ground states. Note for continuous system, the base manifold can be equivalent to S d by one-point compactification, where S d represents d-dimensional sphere in momentum space. For fiber bundles with fiber C q and base manifold S d , the distinct topological phases can be obtained by
If the system has translational symmetry, this is corresponding to the band insulators, thus, the base manifold will be d-dimensional torus T d . However, the new classification can be obtained from π 0 (C q+d ). For the freefermion systems in symmetry class C q and translation symmetry, their gapped phases are classified by by [32, 43] (212) The classification with translation symmetry can be obtained by equation (210) for complex case and (212) for real case, respectively. Such a result has a physical meaning, the classification for higher-dimensional topological phases can be obtained by stacking the lowerdimensional ones. The examples have been discussed in Ref. [43] , we don't repeat here for simplicity. The gapped fermion system topological phases for general base manifold M can be obtained by KU (M ) for real case, respectively. In addition, the 2-period and 8-period pattern also can be established based on Bott periodicity theorem of KU and KO, respectively. Now, the classification problem has been solved completely. Following, we will give some more physical interpretation about above classification. The dimension effect on the classification has been revealed according to the discussion above, they effectively cancel the actual symmetries. For example, the classification problem in class R 0 and dimension 0 is equivalent to the one in class R 1 and 1-dimension system since π 0 (R 0 ) = π 0 (R 1−1 ). In fact, Kitaev has shown that gapped Hamiltonians in the momentum space are topologically equivalent to nondegenerate mass terms that anticommute with a fixed Dirac operator. Now let us consider the real case fermion system described byĤ = i 4 ij A ijηiηj , and assuming it has translation symmetry, as well as time-reversal symmetry and fermion number conservation. We also assume that the singe-body energy bands of antisymmetric Hermitian matrix iA have some Dirac points at zero energy and there are no other zero-energy states in the Brillouin zone. The gapless singe-body excitations in the system are described by the continuum limit of iA:
where we have folded all the Dirac points to the k = 0 point. Without losing generality, we have also assumed that all the Dirac points have the same velocity. Since ∂ i is real and antisymmetric [43] , γ i , i = 1, . . . , d, are real symmetric γ matrices that satisfy
The addition discrete symmetries imposing on the matrix A require some conditions on the γ matrices:
since they do not affect ∂ i , where q + p matrices ρ i are the symmetry operators that anticommute among themselves with q of them square to 1 and p of them square to -1. The idea to classify the different topological phases is now equivalent to the ways to gap the Dirac points through the mass term. The different ways to gap the system (213) will correspond to various topological gapped phases. If we add a mass term m satisfying
to (213), and assuming the mass term is nondegenerate, the result Hamiltonian will be fully gapped. For example, if there is no symmetry, we only requires the real antisymmetric mass matrix m to be nondegenerate including the condition (216). Without losing generality, we can choose the mass matrix to also satisfy m 2 = −1. The space of those mass matrices is given by R 0 d . Similarly, if there are some symmetries, the real antisymmetric mass matrix m will satisfy (216) and (215). Those mass matrices form a space R p q+d . The different disconnected components of R p q+d represent different "bulk" gapped phases of the free fermions. Therefore, the bulk gapped phases of the free fermions in d-dimensions are classified by π 0 (R p q+d ) = π(R p−q−d+2 mod 8 ), with (q, p) depending on the symmetry. So we also obtain the same result as above using K-theory, they effectively cancel the actual symmetries by increasing the dimension of the system. Because of the same reason, we will get the similar result for complex case. The different ways to gap the Dirac point using mass term form a space C d , which indicates the gapped phases of the free fermions in d-dimensions are classified by π 0 (C d ).
IV. CONCLUSIONS AND DISCUSSIONS
In the present paper we study the topological properties in TSMs. We systematically give the topology mathematics required to read the later sections or subsecions. In terms of fiber bundle theory, we can give different topological methods, i.e. cohomology, homotopy, Ktheory, a unified interpretation. We also add some applications of corresponding topology method now and then during the introduction of these abstract mathematics. The most important tools in our paper are differential forms and fire bundle theory. Fiber bundles can give one a clear topology picture in question, and the expressions will be very simple and in favor of derivation of complicated formulas if we use the differential forms instead of tensor components.
Based on these mathematics, we give all integral topological invariants expressions with Berry connection and curvature for any Bloch or BdG equation. And we give the prove of these expressions on the sphere model, which can be easily generalize to other models. A general homotopy discussion about the 1st and 2nd descendants [24, 35] of topological invariants in same symmetry class and different dimensions. Our approach sets up the one-to-one map between the space "interpolations" used by Qi.el and the loop space of the parent ones.
For TFTs, we show the compact and topology properties of effective action for interacting and non-interacting systems. Following that, we prove the topological invariant N 2n+1 [G] characterize interacting system can be reduced to Chern-number Ch n in the non-interacting limit by performing again the integration over the frequency. The general topological response Eq.(149) has been obtained, all of the topological physical effect can be read off from J 2n+1 . We also give the general topological invariants for Dirac model like (165), which is nothing but Gauss winding number, which generalize the results obtained in Ref. [24] . In addition, we show this general winding number can be expressed with Hopf indices and Brouwer degree using topological tensor theory [50] . What's more, the Chern-Simons effective action is reformulated in phase-space, and we give the unified generating functional Chern-Simons action in any dimensions. Finally, we review the bulk-boundary correspondence in any dimensions, which can be expressed like a AS index theorem. This index theorem [18] relates the chirality of gapless excitations states of edge to the bulk invariant expressed with N D .
We give the completely classification of all gapped free fermion systems using homotopy and topoloy K-theory. The classification can be viewed as the classification of corresponding fire bundles in our points. The classification of d = 0 free fermion systems is equal to the classification of fiber bundles with point base manifold. In this case, we only need to study the topology property of the fiber. We obtain 2-classifying spaces for complex case and 8-classifying spaces for real case from the explicit physical models, respectively. We study the topology properties and their relations by minimal geodesic and loop space [38] discussion. These symmetric classifying spaces can be interpreted as the fiber in fiber bundle theory. In the same logic, if we choose one specific classifying space, the fiber bundle will have fixed fiber structure. Then, we only need to change the base manifold to respect model for the classification in d = 0 cases. If the base manifold is M , this lead to the classification of all gapped free fermion states using KU −q (M ) for complex case or KR 0,q (M ) for real case, respectively. Finally, we give the physical interpretation about the space dimension effect on the classification.
Although we have studied many topological properties about TSM, there are still something interesting topological properties we didn't involve. For example, the famous fractional quantum Hall effect [78] (FQHE) is known a fully interacting system, the ground states are degenerate which are depend on the topology of defined space. The general states may be classified by the concept of topological order introduced by Wen [79] . There are two development direction in this non-trivial states. One route is to study this states from a new mathematic framework called tensor categories [80] . Another route is to generalize FQHE in 3d spatial dimension [81] from topological field theory. The physical realization materials will need to be studied in the future. Another point we want to mention is that, we have only studied one of the three universality classes of fermionic vacua [18] , the other two are topological protected fermi surface and topological protected fermi point. These topological protected systems are still an active study direction in condensed matter physics, such as topological semi-metal [82, 83] . Topology has become a useful mathematic tool to predict novel materials, better understand of robust systems of matter, classification principle and so on.
